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Abstract

We present a detailed study on application of factor graphs and the belief propagation
(BP) algorithm to the power system state estimation (SE) problem. We start from
the BP solution for the linear DC model, for which we provide a detailed convergence
analysis. Using BP-based DC model we propose a fast real-time state estimator for
the power system SE. The proposed estimator is easy to distribute and parallelize,
thus alleviating computational limitations and allowing for processing measurements
in real time. The presented algorithm may run as a continuous process, with each
new measurement being seamlessly processed by the distributed state estimator. In
contrast to the matrix-based SE methods, the BP approach is robust to ill-conditioned
scenarios caused by significant differences between measurement variances, thus
resulting in a solution that eliminates observability analysis. Using the DC model, we
numerically demonstrate the performance of the state estimator in a realistic real-time
system model with asynchronous measurements. We note that the extension to the
non-linear SE is possible within the same framework.

Using insights from the DC model, we use two different approaches to derive
the BP algorithm for the non-linear model. The first method directly applies BP
methodology, however, providing only approximate BP solution for the non-linear
model. In the second approach, we make a key further step by providing the solution
in which the BP is applied sequentially over the non-linear model, akin to what is
done by the Gauss-Newton method. The resulting iterative Gauss-Newton belief
propagation (GN-BP) algorithm can be interpreted as a distributed Gauss-Newton
method with the same accuracy as the centralized SE, however, introducing a number
of advantages of the BP framework. The thesis provides extensive numerical study



of the GN-BP algorithm, provides details on its convergence behavior, and gives a
number of useful insights for its implementation.

Finally, we define the bad data test based on the BP algorithm for the non-linear
model. The presented model establishes local criteria to detect and identify bad
data measurements. We numerically demonstrate that the BP-based bad data test
significantly improves the bad data detection over the largest normalized residual test.



Sazetak

Glavni rezultati ove teze su dizajn i analiza novih algoritama za reSavanje problema
estimacije stanja baziranih na faktor grafovima i “Belief Propagation” (BP) algoritmu
koji se mogu primeniti kao centralizovani ili distribuirani estimatori stanja u elektroen-
ergetskim sistemima. Na samom pocetku, definisan je postupak za reSavanje linearnog
(DC) problema koris¢enjem BP algoritma. Pored samog algoritma data je analiza
konvergencije i predloZeno je reSenje za unapredenje konvergencije. Algoritam se moze
jednostavno distribuirati i paralelizovati, te je pogodan za estimaciju stanja u realnom
vremenu, pri ¢emu se informacije mogu prikupljati na asinhroni nacin, zaobilazec¢i neke
od postojec¢ih rutina, kao npr. provera observabilnosti sistema. Prosirenje algoritma
za nelinearnu estimaciju stanja je moguée unutar datog modela.

Dalje se predlaze algoritam baziran na probabilistickim grafickim modelima koji je
direktno primenjen na nelinearni problem estimacije stanja, $to predstavlja logican
korak u tranziciji od linearnog ka nelinearnom modelu. Zbog nelinearnosti funkcija,
izrazi za odredenu klasu poruka ne mogu se dobiti u zatvorenoj formi, zbog Cega
rezultujuéi algoritam predstavlja aproksimativno resenje. Nakon toga se predlaze
distribuirani Gaus-Njutnov metod baziran na probabilistickim grafickim modelima i
BP algoritmu koji postize istu ta¢nost kao i centralizovana verzija Gaus-Njutnovog
metoda za estimaciju stanja, te je dat i novi algoritam za otkrivanje nepouzdanih
merenja (outliers) prilikom merenja elektri¢nih veli¢ina. Predstavljeni algoritam
uspostavlja lokalni kriterijum za otkrivanje i identifikaciju nepouzdanih merenja,
a numericki je pokazano da algoritam znacajno poboljsava detekciju u odnosu na
standardne metode.
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Chapter 1

Introduction

The major topic of the thesis is to provide novel distributed state estimation (SE)
algorithms applicable to electric power systems. In essence, we provide algorithms that
solve systems of linear and non-linear equations with real coefficients and variables.
Consequently, the implications of our results go far beyond SE in electric power
systems and can be applied in different areas, such as for demand response [1] or
water distribution systems [2].

Proposed SE algorithms are suitable to cope with near-real-time and asynchronous
operation requirements, bypassing established routines (e.g., system observability).
They are flexible and easy to distribute across local processors that are located at
different physical locations, and/or in parallel fashion, where local processors run in
parallel at the same physical place. Novel algorithms do not involve direct matrix
inversion, which makes them attractive from the point of computational complexity
and in some special conditions are numerically more stable.

In this chapter, we present the formulation of the problems that we intend to solve
and introduce the basic terms, giving the reader a clearer picture of the problems.
We clearly state assumptions and limitations that we use throughout this thesis and
present main advantages over the current state-of-the-art SE models in electric power
systems. Finally, we note that results presented in the thesis are based on our previous
publications with additional clarifications, and enriched with many useful examples.

1.1 Power System State Estimation

Electric power systems consist of generation, transmission and consumption spread over
wide geographical areas and operated from the control centers by the system operators.
Maintaining normal operation conditions is of the central importance for the power
system operators [3, Ch. 1]. Control centers are traditionally operated in centralized
and independent fashion. However, increase in the system size and complexity, as well
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as external socio-economic factors, lead to deregulation of power systems, resulting in
decentralized structure with distributed control centers. Cooperation in control and
monitoring across distributed control centers is critical for efficient system operation.
Consequently, existing centralized algorithms have to be redefined based on a new
requirements for distributed operation, scalability and computational efficiency [4].

The system monitoring is an essential part of the control centers, providing control
and optimization functionality whose efficiency relies on accurate SE. The centralized
SE assumes that the measurements collected across the system are available at the
control center, where the centralized SE algorithm provides the system state estimate.
Precisely, the centralized SE algorithm typically uses the Gauss-Newton method
to solve the non-linear weighted least-squares (WLS) problem [5], [6]. In contrast,
decentralized SE distributes communication and computational effort across multiple
control centers to provide the system state estimate. There are two main approaches
to distributed SE: i) algorithms which require a global control center to exchange
data with local control centers, and ii) algorithms with local control centers only [7].
Distributed SE algorithms target the same state estimate accuracy as achievable using
the centralized SE algorithms.

Input data for the SE arrive from supervisory control and data acquisition (SCADA)
technology. SCADA provides communication infrastructure to collect legacy measure-
ments (voltage and line current magnitude, power flow and injection measurements)
from measurement devices and transfer them to a central computational unit for
processing and storage. In the last decades, phasor measurement units (PMUs) were
developed that measure voltage and line current phasors and provide highly accurate
measurements with high sampling rates. PMUs were instrumental to the development
of the wide area measurement systems (WAMSs) that should provide real-time moni-
toring and control of electric power systems [8—10]. The WAMS requires significant
investments in deployment of a large number of PMUs across the system, which is
why SCADA systems will remain important technology, particularly at medium and
low voltage levels. However, with the evolution and adoption of PMU technology
and, consequently, with decline in price of PMUs, it is realistic to assume that future
power systems will be fully observable by PMUs [11]. Exploiting PMU inputs by
robust, decentralized and real-time SE solution calls for novel distributed algorithms
and communication infrastructure that would support future WAMS and aims to
detect and counteract power grid disturbances in real-time [12,13].

Monitoring and control capability of the system, besides the SE accuracy, strongly
depends on the periodicity of evaluation of state estimates. Ideally, in the presence of
both legacy and phasor measurements, SE should run at the scanning rate (seconds),
but due to the computational limitations, practical SE algorithms run every few
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minutes or when a significant change occurs [5].

1.1.1 Distributed SE Algorithms

The mainstream distributed SE algorithms exploit matrix decomposition techniques
applied over the Gauss-Newton method. These algorithms usually achieve the same
accuracy as the centralized SE algorithm and work either with global control center
[14-17] or without it [18-21]. Furthermore, SE algorithms based on distributed
optimization [22], and in particular, the alternating direction method of multipliers [23]
became very popular [24-26]. Authors in [9] present the robust decentralized Gauss-
Newton algorithm which provides flexible communication model, but suffers from slight
performance degradation compared to the centralized SE. The work in [27] proposed
a fully distributed SE algorithm for wide-area monitoring which provably converges
to the centralized SE. The paper [28] proposed a new multi-area SE approach with
the central coordinator, where is no requirement to share the topology information
among the sub-areas and from sub-areas to the central coordinator. Recently, in [29],
a new hierarchical multi-area SE method is proposed, where the algorithm converges
close to the centralized SE solution with improved convergence speed. We refer the
reader to [30] for a detailed survey of the distributed multi-area SE. In addition, we
note that most of the distributed SE papers implicitly consider wide-area monitoring
and transmission grid scenario, which is the approach we follow in this thesis.

1.2 Belief Propagation Approach

In this thesis, we solve the SE problem using probabilistic graphical models [31], a
powerful tool for modeling the independence/dependence relationships among the
systems of random variables [32, Ch. 4]. Graphical models are useful since they provide
a framework for studying a wide class of probabilistic models and associated algorithms.
Factor graph represents a graphical model which allows a graph-based representation
of probability density functions using variable and factor nodes connected by edges.
In contrast to directed and undirected graphical models, factor graphs provide the
details of the factorization in more explicit way [33, Ch. 8§].

We represent the SE problem using factor graphs and solve it using the belief
propagation (BP) algorithm. Applying the BP algorithm on probabilistic graphical
models without loops, one obtains exact marginal distributions or a mode of the joint
distribution of the system of random variables [31], [33]. The BP algorithm can be
also applied to graphical models with loops (loopy BP) [34], although in that case, the
solution may not converge to the correct marginals/modes of the joint distribution.
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BP is a fully distributed algorithm suitable for accommodation of distributed power
sources and time-varying loads. Moreover, placing the SE into the probabilistic
graphical modelling framework enables not only efficient inference, but also, a rich
collection of tools for learning parameters or structure of the graphical model from
observed data [35,36].

In the standard setup, the goal of the BP algorithm is to efficiently evaluate the
marginals of a system of random variables y = [y1,...,yn]" described via the joint
probability density function g(y)!. Assuming that the function g(y) can be factorized
proportionally () to a product of local functions:

k
9(y) < [T (V). (1.1)
i=1
where V; C {y1,...,yn}, the marginalization problem can be efficiently solved using

BP algorithm. The first step is forming a factor graph, which is a bipartite graph that
describes the structure of the factorization (1.1). The factor graph structure comprises
the set of factor nodes F = {f1,..., fr}, where each factor node f; represents local
function v;(V;), and the set of variable nodes V = {y,...,y,}. The factor node f;
connects to the variable node y; if and only if y, € V; [37].

The BP algorithm on factor graphs proceeds by passing two types of messages
along the edges of the factor graph:

(i) a variable node ys € V to a factor node f; € F message fiy, —, (ys), and
(ii) a factor node f; € F to a variable node ys € V message jtf, 5y, (Us)-

Both variable and factor nodes in a factor graph process the incoming messages
and calculate outgoing messages, where an output message on any edge depends
on incoming messages from all other edges. BP messages represent ”beliefs” about
variable nodes, thus a message that arrives or departs a certain variable node is a
function (distribution) of the random variable corresponding to the variable node.

We are employing a loopy BP since the corresponding factor graph usually contains
cycles. Loopy BP is an iterative algorithm, and requires a message-passing schedule.
Typically, the scheduling where messages from variable to factor nodes, and messages
from factor nodes to variable nodes, are updated in parallel in respective half-iterations,
is known as synchronous scheduling. Synchronous scheduling updates all messages in
a given iteration using the output of the previous iteration as an input [38].

1With a slight abuse of notation, here we use y to define a general system of random variables,
hereinafter we use different symbols to describe those. However, throughout the thesis, we use V to
describe the set of nodes.



1.2. Belief Propagation Approach 31

1.2.1 Belief Propagation SE Algorithms

The work in [39,40] provides the first demonstration of BP applied to the SE problem.
Although this work is elaborate in terms of using, e.g., environmental correlation via
historical data, it applies BP to a linear approximation of the non-linear functions [41].
The non-linear model is recently addressed in [42], where tree-reweighted BP is applied
using preprocessed weights obtained by randomly sampling the space of spanning
trees. The work in [43] investigates Gaussian BP convergence for the DC model.
Although the above results provide initial insights on using BP for distributed SE,
the BP-based solution for non-linear SE model and the corresponding performance
and convergence analysis is still missing. This thesis intends to fill this gap.

1.2.2 Belief Propagation Based DC SE Algorithm

In general, the DC SE model is obtained by linearisation of the non-linear model, and
the model ignores the reactive powers and transmission losses and takes into account
only the active powers. Our methodology is to start with the simplest linear DC SE
model and use insights obtained therein to derive the BP solution for the non-linear
SE model; we refer to the corresponding method as the DC-BP. As a side-goal of this
part, we aimed at thorough and detailed presentation of applying BP on the simple
DC SE problem in order to make the powerful BP algorithm more accessible and
more popular within the power-engineering community [44].

Using the DC-BP algorithm, we demonstrate capability of the BP algorithm. More
precisely, we propose a fast real-time state estimator based on the BP algorithm. In
other words, unlike the usual scenario where measurements are transmitted directly
to the control center, in the BP framework, measurements are locally collected and
processed by local modules (at substations, generators or load units) that exchange
BP messages with neighboring local modules. Furthermore, even in the scenario where
measurements are transmitted to the centralized control entity, the BP solution is
advantageous over the classical centralized solutions in that it can be easily distributed
and parallelized for high performance. We note that the extension to the non-linear
SE is possible within the same framework.

Finally, this thesis provides a novel and detailed convergence analysis of the BP-DC
algorithm and points to extension of this analysis for the proposed BP-based non-linear
SE algorithm, and an improved algorithm that applies synchronous scheduling with
randomized damping.
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1.2.3 Belief Propagation Based Non-Linear SE Algorithms

The non-linear SE model is defined using the measurement functions that precisely
follow the physical laws that connect the measured variables and the state variables.
In the process of deriving non-liner algorithms, we provide a step-by-step guide for
application of BP algorithm to the SE problem, giving this part of the thesis strong
tutorial flavor.

Using insights from the linear BP-based DC SE model, we derive the native BP
solution for the non-linear SE model. Unfortunately, as closed-form expressions for
certain classes of BP messages cannot be obtained, that lead us to propose the AC-BP
algorithm as an approximate BP solution for the non-linear SE model. However,
we include the resulting AC-BP method for methodological reasons, although it is
outperformed by the subsequent Gauss-Newton BP (GN-BP) method.

Finally, as a main contribution, we make a key further step where we change the
perspective of our BP approach and, instead of applying the BP directly onto the
non-linear SE model, we present the solution where the BP is applied sequentially
over the non-linear model, akin to what is done by the Gauss-Newton method. The
resulting GN-BP represents a BP counterpart of the Gauss-Newton method achieving
the same accuracy, however, preserving a number of advantages brought in by the BP
framework.

1.3 Contributions

Some of the contributions have already been mentioned throughout previous discussion,
however, as the main contribution, we adopt different methodology to derive efficient
BP-based non-linear SE method, and propose the GN-BP algorithm. The GN-BP is
the first BP-based solution for the non-linear SE model achieving exactly the same
accuracy as the centralized SE via Gauss-Newton method.

In general, solving the SE problems using factor graphs and BP algorithm intro-
duce a number of advantages over the current state-of-the-art in power systems SE
algorithms:

e In comparison with the distributed SE algorithms that exploit matrix decomposition,
the BP-based SE algorithms are robust to ill-conditioned scenarios caused by
significant differences between measurement variances, thus allowing inclusion of
arbitrary number of pseudo-measurements without impact to the solution within
the observable islands.

e Due to the sparsity of the underlying factor graph, the algorithms has optimal
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computational complexity (linear per iteration), making it particularly suitable for
solving large-scale systems.

o BP-based algorithms can be easily designed to provide asynchronous operation and
integrated as part of the real-time systems where newly arriving measurements are
processed as soon as they are received.

e Algorithms can easily integrate new measurements: the arrival of a measurement at
the control center will define a new factor node which will be seamlessly integrated
in the graph as part of the time continuous process.

e In the multi-area scenario, BP-based algorithms can be implemented over the
non-overlapping multi-area SE scenario without the central coordinator, where
algorithms neither requires exchanging measurements nor local network topology
among the neighboring areas.

e BP-based algorithms are flexible and easy to distribute and parallelize. Thus, even
if implemented in the framework of centralized SE, it can be flexibly matched to
distributed computation resources (e.g., parallel processing on graphical-processing
units).

e The BP approach allows to define the novel bad data test that significantly improves
the bad data detection.

Finally, even if electric power systems observable only by PMUs [11,45,46] are
beyond the thesis scope, we note that the BP can be applied to this problem. Then,
in the multi-area scenario, areas exchange only “beliefs” about specific state variables,
where algorithm ensures data privacy in the distributed architecture. Furthermore, the
BP framework allows integration of legacy and phasor measurements in fifth-generation
(5G) communication infrastructure, as we demonstrate in [12,47].

1.4 Assumptions
In this thesis, we provide BP-based algorithms using following assumptions:
¢ the network topology and parameters are known without errors,

e power system operates in the steady state under balanced condition,

phase shifting transformers are neglected,

the SE model is described with an overdetermined system of equations,

legacy and phasor measurements are uncorrelated,
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e measurement errors follow a zero-mean Gaussian distribution,

e complex bus voltages are observed state variables.

1.5 Summary

In the thesis, we solve power system SE problems using factor graphs and BP algorithm.
We proposed three BP-based algorithms:

(i) DC-BP to solve linear DC SE model,
(ii) AC-BP that provides an approximate solution of the non-linear SE model,

(iii) GN-BP that is the first BP-based solution for the non-linear SE model achieving
exactly the same solution as the Gauss-Newton method.

Presented architectures directly exploit system sparsity, can be flexibly paralellized
(in the extreme case, the algorithm can be implemented as a fully distributed) and
results in substantially lower computational complexity compared to traditional SE
solutions.



Chapter 2

Power System State Estimation

In this chapter, we review the state-of-the-art SE models in electric power systems.
The power system represents a dynamic system, where power generation and power
demand is changing values depending on various factors. The SE is used for describing
the present state of the power system, unlike the power flow analysis which is used
for defining load profiles, generator capabilities, voltage specification, contingency
analysis, and planning.
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Figure 2.1: EMS configuration and SE routines.

The SE is a part of the energy management systems (EMS) and typically includes
network topology processors, observability analysis, SE algorithm and bad data
analysis, as shown in Figure 2.1. Data for the SE arrives from SCADA and WAMS
technology. SCADA provides legacy measurements with low sampling rates insufficient
to capture system dynamics in real-time and provides a snapshot SE with order of
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seconds and minutes latency. In contrast, WAMS provides data from PMUs with
high sampling rates (10 ms — 20 ms) enabling the real-time system monitoring.

In a usual scenario, the SE model is described with the system of non-linear equa-
tions, where bus voltage magnitudes and bus voltage angles, transformer magnitudes
of turns ratio and transformer angles of turns ratio as state variables x. The core of
the SE is the SE algorithm that provides an estimate of the system state x based on
the network topology and available measurements. SE is performed on a bus/branch
model and used to reconstruct the state of the system. Conventional SE algorithms
are centralized and typically use the Gauss-Newton method to solve the non-linear
WLS problem [5,6]. Besides the non-linear SE model, the DC model is obtained by
linearization of the non-linear model, and it provides an approximate solution. The
DC state estimate is obtained through non-iterative procedure by solving the linear
WLS problem.

2.1 Measurement Model

The SE algorithm estimates the values of the state variables based on the knowledge of
network topology and parameters, and measured values obtained from measurement
devices spread across the power system. The knowledge of the network topology
and parameters is provided by the network topology processor in the form of the
bus/branch model, where branches of the grid are usually described using the two-port
m-model [3, Ch. 1,2]. The bus/branch model can be represented using a graph G =
(H,E), where the set of nodes H = {1,..., N} represents the set of buses, while the
set of edges & C H x H represents the set of branches of the power network.

As an input, the SE requires a set of measurements M of different electrical
quantities spread across the power network. Using the bus/branch model and available
measurements, the observability analysis defines observable and unobservable parts of
the network, subsequently defining the additional set of pseudo-measurements needed
to determine the solution [3, Ch. 4]. Finally, the measurement model can be described
as the system of equations [6]:

z = h(x) + u, (2.1)
where x = [z1,...,2,]7T is the vector of the state variables, h(x) = [h1(x), ..., hx(x)]T
is the vector of measurement functions, z = |21, ...,2x]T is the vector of measurement

values, and u = [ug,...,ux]T is the vector of uncorrelated measurement errors. The
SE problem in transmission grids is commonly an overdetermined system of equations
(k> n) [48, Sec. 2.1].
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Each measurement M; € M is associated with measured value z;, measurement
error u;, and measurement function h;(x). Under the assumption that measurement
errors u; follow a zero-mean Gaussian distribution, the probability density function
associated with the i-th measurement is proportional to:

[zi — hz‘(x)]2}

20 (2.2)

N (zi|x,v;) oc exp {

where v; is the measurement variance defined by the measurement error u;, and the
measurement function h;(x) connects the vector of state variables x to the value of
the i-th measurement.

The SE in electric power systems deals with the problem of determining state
variables x according to the noisy observed data z and a prior knowledge:

p(ZIX)p(X)'

(@) (2.3)

p(x|z) =
Assuming that the prior probability distribution p(x) is uniform, and given that p(z)

does not depend on x, the maximum a posteriori (MAP) solution of (2.3) reduces to
the maximum likelihood solution, as given below [32]:

X = argmax p(x|z) = arg max p(z|x) = arg max £(z|x). (2.4)

Maximum Likelihood Estimator

One can find the solution (2.4) via maximization of the likelihood function £(z|x),
which is defined via likelihoods of k independent measurements:

k
x = argmax £(z|x) = arg rnax1_[./\/'(zi|x7 V;)- (2.5)

i=1

It can be shown that the solution of the MAP problem can be obtained by solving
the following optimization problem, known as the WLS problem [49, Sec. 9.3]:

k 2
i —hi
X = argmin E M (2.6)
x v;
i=1

The state estimate X representing the solution of the optimization problem (2.6)
is known as the WLS estimator, the maximum likelihood and WLS estimator are



38 2. Power System State Estimation

equivalent to the maximum a posteriori (MAP) solution [32, Sec. 8.6].

2.1.1 Measurement Set

The typical set of measurements M is defined according to type of measurement
devices and includes:

(i) Legacy measurements that contain active and reactive power flow and line
current magnitude {Mp,,, Mq,,, My}, (i,5) € &, respectively; active and
reactive power injection and bus voltage magnitude {Mp,, Mg,, My, }, i € H,
respectively.

(ii) Phasor measurements provide by PMUs contain line current My, ., (i,j) € £
and bus voltage My,, i € H phasors, where each phasor measurement can be
represented by a pair of measurements, for example, the bus voltage phasor
measurement can be represented over the bus voltage magnitude and angle
measurements My, = {My,, My, }, i € H.

Each legacy measurement is described by non-linear measurement function h;(x),
where the state vector x is given in polar coordinates. In contrast, phasor measure-
ments can be described with both non-linear and linear measurement functions h;(x),
where the state vector x can be given in polar or rectangular coordinates. Phasor
measurements integration into the SE defines different models for solving the SE
problem.

2.1.2 The Equivalent Branch Model

To solve SE problem, it is necessary to establish expressions of measurement functions
h(x) related to measurements in the set M. The equivalent m-model for a branch,
shown in Figure 2.2, is sufficient to describe all measurement functions using currents,
voltages and apparent powers. For simplicity, we assume that the model does not
contain phase-shifting transformers.

The series admittance is y;; and shunt admittances of the branch are denoted as
Ysi = Gsit jbsi and ys; = gs;+ jbs;. The branch series admittance y;; is inversely
proportional to the branch series impedance z;;:

1 1 Tij Tij

Yoz org ey vl Trdial 7YY (27)

where r;; is a resistance, x;; is a reactance, g;; is a conductance and b;; is a susceptance
of the branch. In Figure 2.2, {i,j} € H denotes buses, where, in power networks the
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Figure 2.2: The equivalent branch m-model.
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bus represents elements such as a generator, load, substation, etc.

Using Kirchoff’s laws, the complex current at buses i and j are:

Jii = yi; (Vi = V) + vy Vi = (Yi5 + ysi)Vi — 4i; V5 (2.8a)
Jji = —yi; (Vi = Vi) + ys;Vi = (Wij + ¥s;)Vj — ¥ Vi (2.8b)

From (2.8) the complex currents at the bus are proportional to admittances incident
to the bus (i.e. the sum of admittances) and the admittance between buses. These
equations refer to the Node-Voltage method, and we apply (2.8a) to derive SE models
(i.e., measurement functions). Further, complex bus voltages can be written:

V; = Viel% =V, cosb; + jV; sin 6, (2.9a)
V; = Vjejej = Vjcosf; +jV;sinb;, (2.9b)

where V; and V; are bus voltage magnitudes, and 6; and 6; are bus voltage angles at
buses 7 and j. The apparent power 8;; from bus ¢ to bus j is equal to:

8ij = ViJi; = Pij +jQij, (2.10)

where P;; and @;; represent active and reactive power flow from bus 7 to bus j.

Further, the injection complex current into the bus ¢ € H can be obtained by
observing a set of buses H; \ i = {k,..., K} C H connected to the bus 4, illustrated
in Figure 2.3. Using Kirchoff’s law and (2.8a), the injection complex current J; into
the bus ¢ is defined:

Ji=Tik+ ... +Jik = Z [(yij + Ysi)Vi — yz‘jvj] (2.11)
JEH\1
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Figure 2.3: The set of buses H; \ i = {k,..., K} C H connected to the bus i.

In general, for the electric power system with H = {1,..., N} buses, the injection
complex current J; for each bus i € H can be computed using;:

N
L=y {(yu + ysi) Vi — yijvj] (2.12)
=1
Further, the expanded form is:
Y1uiVi + Y12V + Y13Vs + - - + YiyVn =04
Y01V1 + Y22 Vo + Yo3V3 + - - + Yoy VN =T

(2.13)

YniVi + YNoVo + YnsVs + -+ YunVy = In.

Above system of equations can be written in the the matrix form:
YV =71, (2.14)

where the elements of the bus or nodal admittance matrix Y, when the bus is incident
to the branch, can be formed as:

> (yij +ysi), if i =7 (diagonal element)
)/ij = Gij +jBij = ¢ JEH\i (215)
—Yij, if ¢ # j (non — diagonal element).

When the branch is not incident (or adjacent) to the bus the corresponding element
in the nodal admittance matrix Y is equal to zero. The nodal admittance matrix Y
is a sparse matrix (i.e., a small number of elements are non-zeros) for a real power
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systems. Note that, if bus i contains shunt element (capacitor or reactor), positive or
negative susceptance value will be added to the diagonal element i = j of the matrix
Y. Although it is often assumed that the matrix Y is symmetrical, it is not a general
case, for example, in the presence of phase shifting transformers the matrix Y is not
symmetrical [50, Sec. 9.6].

The apparent power injection 8; into the bus ¢ is a function of the complex voltage

V; at the bus and the conjugate value of the injection complex current J; into the bus
i

8; =ViJ; = P; +]Qi, (2.16)

where P; and @; represent active power and reactive power injection into bus 1.
According to (2.13), (2.15) and (2.16) apparent injection power S; into the bus ¢ is:

Si=Vi > Y5V, (2.17)
JEH:

where H; is the set of buses adjacent to the bus i, including the bus i. Using (2.9),
apparent injection power 8; is defined:

8; =V, > V;el"i(Gy; — jBij). (2.18)
JEH;

2.1.3 State Variables

In typical scenario, the SE model takes complex bus voltages and transformer turns
ratio as state variables x. Without loss of generality, in the rest of the thesis, for the
SE model we observe complex bus voltages V;, i € H as state variables:

Vi = Viel” = R(V;) +iS(V), (2.19)

where 2(V;) and $(V;) represent the real and imaginary components of the complex
bus voltage V;, respectively.

Thus, the vector of state variables x can be given in polar coordinates x = [0, V] 7T,
where we observe bus voltage angles and magnitudes as state variables respectively:

92[017"'501\/]

V=[",...,Vy] (2.20)

One voltage angle from the vector © corresponds to the slack or reference bus where
the voltage angle has a given value. Consequently, the SE operates with n = 2N — 1



42 2. Power System State Estimation

state variables!. The conventional SE model in the presence of legacy measurements
usually implies above approach.

Furthermore, the vector of state variables x can be given in rectangular coordinates
X = [Vie, Vim] T, where we can observe real and imaginary components of bus voltages
as state variables:

Vie = [ROVY), ..., R(V)]

2.21
Vim = [%(Vl)avg(vN)} ( )

One of the elements from the vector Vj, corresponds to the slack bus. This way
of assignment is frequently used for phasor measurements, whereupon measurement
functions h;(x) become linear. However, same as before, the number of state variables
ism=2N —1.

2.2 State Estimation Models

Power system SE models can be defined in several ways by using different criteria,
such as type of measurements or according to state variables and measurements
representation, as well as whether the system is linear or non-linear and how to
interpret the obtained state estimator.

Figure 2.4 shows SE models described with measurement functions that precisely
follow the physical laws. In general, the model where only legacy measurements exist
is described with non-linear measurement functions, where state variables are given
in the polar coordinate system x = [0, V]T, and it defines the conventional SE model,
described in Section 2.4.

The simultaneous SE model represents the expansion of the conventional SE model
with phasor measurements. State variables are given in the polar coordinate system
x = [0, V]T, while phasor measurements can be given in the polar or rectangular
coordinates. Phasor measurements in polar coordinate system enable straightforward
inclusion in the conventional SE model (see Subsection 2.5.1), whereas it is necessary to
convert measurement variances for the case of phasor measurements in the rectangular
coordinate system (see Subsection 2.5.2) [51].

Hybrid SE models [52-56] use advantages of linear functions related to phasor
measurements, where state variables are given in the rectangular coordinate system
X = [Vie, Vim]T. Finally, to provide a state estimator only with PMUs, the system
needs to be observable by PMUs only, which is currently difficult to achieve. However,

LFor convenience, BP-based SE algorithms take state variables defined with (2.20) as probabilistic
variable nodes, where each state variable defines a variable node (i.e., the number of state variables
isn = 2N).
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Figure 2.4: SE models described with measurement functions that precisely follow
the physical laws.

with the evolution and adoption of PMU technology and, consequently, decline in
the price of PMUs, it is realistic to assume that future power systems will be fully
observable by PMUs, where the SE model becomes linear [11], as will be described in
Section 2.6.

Figure 2.5 shows SE models related to the SE accuracy and solving methods. In
the presence of legacy measurements where measurement functions follow the physical
laws, the SE model represents the non-convex problem and the Gauss-Newon provides
a solution, described in Section 2.3.

The approximate solution is related with the DC SE model, obtained by linearisation
of the non-linear model. The DC model ignores the reactive powers and transmission
losses and takes into account only the active powers. Therefore, the DC SE takes
only bus voltage angles as state variables, see Section 2.7.

Electric power systems observable by PMUs results with linear SE model where
measurement functions follow the physical laws, thus obtained solution represent the
optimal or exact state estimator. This model is beyond the thesis scope.
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Figure 2.5: Different SE models related to the SE accuracy and solving methods.

2.3 The Gauss-Newton Method

In the presence of both, legacy and phasor measurements, the system (2.1) in general
represents the system of non-linear equations. The Gauss-Newton method is typically
used to solve the non-linear SE model defined using measurement functions h(x) that
precisely follow the physical laws that connect the measured variables and the state
variables.

Gauss-Newton Method

Based on the available set of measurements M, the WLS estimator X, i.e., the
solution of the WLS problem (2.6), can be found using the Gauss-Newton method:

[J(x@))TR—lJ(x("))] Ax® = J(x@)TR1r(x™) (2.22a)
xW ) = x() 4 Ax(®), (2.22b)

where v = {0,1,2,...} is the iteration index, Ax € R™ is the vector of increments of
the state variables, J(x) € R¥*" is the Jacobian matrix of measurement functions h(x)
at x = x"), R € RF** is a measurement error covariance matrix, and r(x) = z — h(x)
is the vector of residuals [48, Ch. 10]. Note that, assumption that measurement
errors are uncorrelated leads to the diagonal covariance matrix R that corresponds to
measurement variances.

The non-linear SE represents non-convex problem arising from the non-linear
measurement functions [57]. Due the fact that the values of state variables usually
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fluctuate in narrow boundaries, the non-linear SE model represents the mildly non-
linear problem, where solutions are in a reasonable-sized neighborhood which enables
the use of the Gauss-Newton method. The Gauss-Newton method can produce different
rates of convergence, which can be anywhere from linear to quadratic [58, Sec. 9.2].
The convergence rate in regards to power system SE depends of the topology and
measurements, and if parameters are consistent (e.g., free bad data measurement set),
the method shows near quadratic convergence rate [48, Sec. 11.2].

2.4 Legacy Measurments

In the following, we provide expressions for measurement functions h(x) and corre-
sponding Jacobian elements of the matrix J(x) related to legacy measurements, where
state variables (i.e., unknown variables) are given in polar coordinates x = [0, V]T.
To recall, legacy measurements contain active and reactive power flow and line current
magnitude {Mp,;, Mg,,, My}, (i,j) € £, respectively; active and reactive power
injection and bus voltage magnitude {Mp,, Mq,, My, }, i € H, respectively.

The active and reactive power flow at the branch (i,j) € £ that connects buses
i and j can be obtained using (2.8a), (2.9) and (2.10). It is easy to show that the
apparent power 8;; equals:

8ij = Vi2(gij + gsi) — iV (bij + bsi) — ViV;el%9 (gi5 — jbij), (2.23)

where 0;; = 0; — 0; is the bus voltage angle difference between bus voltage angles
at buses ¢ and j. The apparent power 8;; consists of the active F;; and reactive
Qi; power flow (2.10). Hence, the real and imaginary components of the complex
expression (2.23) define the active and reactive power flow measurement functions

Pij £ hp,(-) and Qi; £ hq,, (")

Active and Reactive Power Flow Measurement Functions

Thus, measurements {Mp,;, Mg, } € M, (i,j) € £ are associated with measure-
ment functions:

V(g5 + gsi) — ViV;(gij cos 0;; + bij sin ;) (2.24a)
—V2(bij + bsi) — V;Vj(gij sin0;; — by; cos 6;5). (2.24b)

hPij(')
hQij(')

Jacobian expressions corresponding to the measurement function hp,(-) are defined:
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ohp, (-
gg( ) B ‘/Z‘/](gl] sin 9” - bij Ccos 61]) (225&)
Ohp, (-
P, () = —ViV;(gi; sin0i; — bj cos b;;) (2.25b)
06,
Ohp,. (-
GPXZ/J"( )_ —Vii(gij cos 0ij + bij sin ;) + 2Vi(gij + gsi) (2.25¢)
Ohp, (-
oV

Further, Jacobian expressions corresponding to the measurement function hq,, (-) are:

(%g—e],() = —ViVj(gij cos 0;; + bjj sin 6;;) (2.26a)
af?g—é;(.) = ViV (gij cos 0;j + bi; sin ;) (2.26D)
ahg—é() = —Vj(gij sinbyj — bij cos ;) — 2Vi(bij + bs;) (2.26¢)
a}?—‘zm = —Vi(gij sin0;j — bij cos b;;). (2.26d)

The line current magnitude at the branch (¢, 5) € £ that connects buses ¢ and j

can be obtained using (2.10):
2 2
P (227)
g sz .

Using (2.24) and (2.27), the expression that defines the line current magnitude
measurement function I;; £ hy,,(-) can be obtained.

Line Current Magnitude Measurement Function

Hence, measurement My, € M, (i, j) € £ is associated with measurement function:

hr, () = [AV2 + BV? — 2V;Vi(Ce cos B — Desin 0;5)]'/2, (2.28)
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where coefficients are as follows:
Ac = (gij + gsi)® + (bij + bsi)%; Be = gi; + b
G = (@ == @) == a0y I )l 10 = @l — D
Jacobian expressions corresponding to the line current magnitude measurement

function hy,; (-) are:

Ohr,(-)  ViVi(Dccos Oy + Ccsinb;)

_ 2.2
802 h]ij () ( ga)

Ohr, () _ ViVi(Decosbi; + Cesinby;) (2.29D)
0, hi, ()

Ohyp,, () _ V;(Desin 6y — Ce cos 0;5) + AcV; (2.29¢)
oV; hIij ()

Ohr,,(+) _ Vi(Dgsinb,;; — Ce cosb;5) + BcVJ" (2.294)
av; b, (+)

Note that, in deregulation environment current magnitude measurements can be
found in significant numbers, especially in distribution grids. The use of line current
magnitude measurements can lead to various problems (e.g., the “flat start” will
cause undefined Jacobian elements), which in turn may seriously deteriorate the
performance of the state estimators [3, Sec. 9.3].

The active and reactive power injection into the bus i € H can be obtained using
(2.16) and (2.18), where the real and imaginary components determine the active and
reactive power injection measurement functions P; £ hp,(-) and Q; = hq, (+).

Active and Reactive Power Injection Measurement Functions

Thus, measurements {Mp,, Mq,} € M, i € H are associated with measurement
functions:

hp, () =V; > V;(Gijcosbi; + Bijsinb;;) (2.30a)
JEH

th() = V; Z V}(Gw sin Hij - Bij COS 9”) (230b)
JEH;

Jacobian expressions corresponding to the measurement function hp, (-) are defined:
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Ohp. (-
81;(_) =Vi Y Vi(=Gijsinby; + Bjj cos ;) (2.31a)
! JEH\i
Ohp, (-
313( ) = VlVJ(Gzy sin aij - Bij cos eij) (2.31b)
J
Ohp, (-
a}?/( ) = Z Vj(Gij cos 0;; + B;j; sin eij) +2V;Gy; (2.31¢)
¢ JEH\i
Ohp (-
Pz( ) — ‘/Z(G” Ccos Qij + Bi]‘ sin Gij), (231d)
oV,

where H,;\7 is the set of buses adjacent to the bus ¢. Furthermore, Jacobian expressions
corresponding to the measurement function hq,(-) are:

ohg, (-
an( ) Vi Y Vi(Gijcosbi; + Bijsinby;) (2.32a)
’ jEH\I
Ohg, (-
8%( ) _ V;Vj(=Gij cos0;; — Bijsin ;) (2.32b)
J
Ohg, (-
3Q‘}( ) > Vi(Gisnibi; — Bijcosby;) — 2V By (2.32¢)
! jEHN\
Ohg, (-
Qz( ) — V;(G” sin (91']' — Bij Ccos 91]) (232d)
V;

The bus voltage magnitude on the bus ¢ € H simply defines corresponding mea-
surement function V; £ hy;, (-).

Bus Voltage Magnitude Measurement Function

Hence, measurement My, € M, i € H is associated with measurement function:

hv,(-) = Vi. (2.33)

Jacobian expressions corresponding to the measurement function hy;, (-) are defined:
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Ohv, () Ohv,(-)

55, =% g =" (2.34a)
Ohy,(-) Ohvy, (-)

i Tl (2.34D)

2.4.1 The Conventional SE Model

The conventional SE model implies the state vector in polar coordinates x = [0, V] T,
where the vector of measurement functions h(x) and corresponding Jacobian elements
of the matrix J(x) are expressed in the same coordinate system. If we denote with Ny,
the number of legacy measurements, the vector of measurement values z, € R™Me, the
vector of measurement functions hy.(x) € R™e and corresponding Jacobian matrix
Jle(x) € RNeXn are:

_zPi_i i _hPi_i (X)_ _JPu 0 (X) injv (X)_
ZQ; hq, (x) Jqe(x) Jquv(x)
Z1.. hy. (x J1.o(x Ji.vi(x
P L N e PR R B
zp, hp, (x) Jpe(x) Jpv(x)
ZQ, hQi(X) JQie(X) JQiV(X)
LZv, Lhy, (%) ] LIvie(x)  Jvv(x)

Due to assumption of uncorrelated measurement errors (i.e., usual assumption for
legacy measurements), the measurement error covariance matrix Ry € RNexNie hag
the diagonal structure:

Rle = diag(Rp

RQij Ry RPU RQi’ Rvi)? (236)

ij? ij?

and each covariance sub-matrix of Rj, is the diagonal matrix that contains measure-
ment variances.

The solution of the described SE model can be found using Gauss-Newton method,
where z = 7, h(x) = hpe(x), J(x) = Jie(x) and R = Rj.. In Appendix A, we
provide a step-by-step illustrative example to describe the SE model where legacy
measurements are involved.
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2.5 Phasor Measurements with Polar State Vector

Integration of phasor measurements in the established model with legacy measurements
can be done using different approaches. To recall, phasor measurements contain line
current My, ;, (4,7) € £ and bus voltage My, i € H phasors. More precisely, phasor
measurement provided by PMU is formed by a magnitude, equal to the root mean
square value of the signal, and phase angle [59, Sec. 5.6], where measurement errors
are also related with magnitude and angle of the phasor. Thus, the PMU outputs
phasor measurement in polar coordinates. In addition, PMU outputs can be observed
in the rectangular coordinates with real and imaginary parts of the bus voltage and
line current phasors, but in that case, the two measurements may be affected by
correlated measurement errors. [59, Sec. 7.3]. Note that throughout this section the
vector of state variables is given in polar coordinates x = [0, V]T.

2.5.1 Measurements in Polar Coordinates

In the majority of PMUs, the voltage and current phasors in polar coordinate system
are regarded as “direct” measurements (i.e., output from the PMU). This represen-
tation delivers the more accurate state estimates in comparison to the rectangular
measurement representation, but it requires larger computing time [60]. This represen-
tation is called simultaneous SE formulation, where measurements provided by PMUs
are handled in the same manner as legacy measurements [51]. Measurement errors
are uncorrelated, with measurement variances that correspond to each components of
the phasor measurements (i.e., magnitude and angle).

The bus voltage phasor on the bus i € H in the polar coordinate system is described:

V; = Vil (2.37)

and due the fact that the state vector is given in the polar coordinate system
x = [0, V]T, measurement functions are defined as V; £ hy, (-), 6; = he,(-).

Bus Voltage Phasor Measurement Functions

Measurement My, = {My,, Mg,} C M, i € H is associated with measurement
functions:

hv,() =Vi (2.38a)

he,(-) = 0;. (2.38Db)
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Jacobian expressions corresponding to the measurement function Ay, (-) are defined:

Ohv, () ohv, (+)

P 0; o0, = 0 (2.39a)
ohy, (+) Ohy, (-)

v, =L ey, =0 (2.39D)

while Jacobian expressions corresponding to the measurement function hg, (-) are:

Ohe,(+) Ohe,(+)

o =l g =0 (2.40a)
Ohe,(+) Ohe,(+)

=% oy =0 (2.40D)

The line current phasor at the branch (i,j) € £ that connects buses ¢ and j in
polar coordinates is defined as:

jij = Iijej(bij, (241)

where I;; and ¢;; are magnitude and angle of the line current phasor, respectively.
The line current phasor measurement directly measures magnitude and angle of the
phasor. It is easy to obtain magnitude and angle equations of the line current phasor
using (2.8a), where the vector of state variables is given in the polar coordinate system
x = [0, V]T. Thus, the line current phasor measurement My, = {My,;, My} C
M, (i,j) € & is associated with magnitude I;; £ hy,,(-) and angle ¢;; £ hy,, (")
measurement functions.

Magnitude of Line Current Phasor Measurement Function

To recall, measurement My, € M, (i,7) € & is associated with measurement
function:

hi,; (1) = [AVE + BV — 2V;V;(Ce cos 0;; — D sin 0;5)]"/2, (2.42)
where coefficients are as follows:

Ac = (gij + ge:) + (bij + bsi)%; B = gi; + b
Ce = gij(gij + gsi) + bij(bij +bsi);  De = gijbs; — bijgsi.
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Jacobian expressions corresponding to the measurement function Ay, (-) are given
in (2.29).

Angle of Line Current Phasor Measurement Function

Furthermore, measurement Mgy, € M, (i,7) € £ is associated with measurement
function:

(Aasin®; + B, cos0;)V; — (Cysinb; + D, cos )V
(Aacosb; — Bysin;)V; — (Cycos0; — Dysind;)V; |’

hg,; () = arctan (2.43)

where coefficients are as follows:

Ay = gij + gsis  Ba = by + by
Ca,:gij; Da:bij~

Jacobian expressions corresponding to the measurement function hg,,(-) are:

Ohy,; (1) AVE+ (Desinb;; — C.cosb;;)V;V;

_ 2.44
00; hlij () ( a)

Ohg, () _ BeVy’ + (Desinby; — Cc cos i) ViV (2.44b)
89] h’Iij ()

Ohg. . (- : inb, j
6, () __Vi(Cesinbij + D cos 0,) (2.44c)
v, hr,; ()

Ohg. . (- : ino, i
0 () _ ViCesinbyj + De cosbi;) (2.44d)
6‘/_7 h‘]ij ()

To summarize, presented measurement model associated with line current phasor
measurements is non-linear. However, if we denote with Npy, the number of phasor mea-
surements, the vector of measurement values z,}, € R2Nen | the vector of measurement
functions hyy,(x) € R?Ver and corresponding Jacobian matrix Jp,(x) € R(ZNen)xn
are:

zy, hy, (x) Jvie(x)  Jviv(x)
) hg. Jo. Jo.
P L P T bt P SV R BT
Zyy hIij (X) JLj 0 (X) JIijV (X)
Zy; h¢i(x) J(I)ije(x) J¢ijV(X)
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When phasor measurements are given in polar coordinate system, measurement
errors are uncorrelated and assume zero-mean Gaussian distribution whose covariance
matrix Ry, € RGNen)*(2Non) hag the diagonal structure:

Rph = diag(Rvi y Rei, RIij s Rd)ij ), (2.46)

where each covariance sub-matrix of Ry}, is the diagonal matrix that contains mea-
surement variances.

The solution of the SE model with legacy and phasor measurements can be found
using Gauss-Newton method, where:

Zie hj.(x Je(x
1]; h(X)E[I()]; J(X)E[I()] REF;]Q R(:)J. (2.47)

Zph h,y, (X) Jon (x)

7z =

In Appendix A, we provide a step-by-step illustrative example to describe the SE
model with legacy and phasor measurements.

2.5.2 Measurements in Rectangular Coordinates

The bus voltage and line current phasors in rectangular coordinate system are regarded
as “indirect” measurements obtained from measurements in polar coordinates [60].
Thus, measurements contain the real and imaginary parts of the line current phasor
measurement and the real and imaginary parts of the bus voltage phasor measurement.
As before, the vector of state variables is given in polar coordinates x = [0, V]T.

The bus voltage phasor on the bus i € H in the rectangular coordinate system is
given:

V= R(V;) +3S(Vs). (2.48)

The state vector is given in polar coordinate system x = [0, V]|T, hence using

(2.9a), one can obtain the real and imaginary components that define corresponding
measurement functions R(V;) £ hgv,)(-) and I(V;) £ hgy,)(-), respectively.

Bus Voltage Phasor Measurement Functions

Measurement My, = {Mgy(v,), Mg, } € M, i € H is associated with measure-
ment functions:

hyv,)(-) = Vicosb; (2.49a)
hgwv,y () = Visind;. (2.49b)
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Jacobians expressions corresponding to the measurement function hg(v,)(-) are
defined:

Ohgv, () . Ohgv,) ()
g = Visinb gt =0 (2.50a)
Ohgpv,)(+) Ohpvy)(+)
N .. -~ Y= 2.
v, cos b;; v, 0, (2.50b)

while Jacobians expressions corresponding to the measurement function hgv,)(-) are:

ahg(vi)(-) ah%(\?i)(')

=V i; = 2.51
2, V; cos @ o0, 0 (2.51a)
Ohg(v,)(-) Ohg(3,,) (")
SOV gy ——cu g, 2.51
oV, sin 0 v, 0 (2.51b)

In contrast to measurements represented in the polar coordinates, measurement
functions and corresponding Jacobian elements are non-linear functions, which makes
the polar coordinate system preferable.

The line current phasor at the branch (4, ) € £ that connects buses 7 and j in the
rectangular coordinate system is given:

Jij = R(Ti5) +33(ij).- (2.52)

Using (2.8a) and (2.9), where the state vector is given in polar coordinate system
x = [0, V]7T, the real and imaginary components of the line current phasor J;; define
measurement functions R(J;;) = hy(g,;)(+) and I(J;5) = b, ()

Line Current Phasor Measurement Functions

Consequently, measurement My, = {My(s,,), Mg@,,)} € M, (i) € € is associ-
ated with measurement functions:

hy(,;) () = Vi(Aacosb; — B,sind;) — V;(Cacos0; — D, sin6;) (2.53a)
hg(jij)(') = Vi(Aasinb; + B, cos ;) — V;(Cysinb; + D, cosb;). (2.53b)

Jacobians expressions corresponding to the measurement function h;}g(jij)(') are
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defined:

Ohy,;) ()

50 = —V;(Assinb; + B, cosb;) (2.54a)
Ohgg, (-
Wf)( ) _ V;(C,sin8; + D, cos 6;) (2.54b)
09,
Ohy,;) () .
v - Aacosf; — Bysin 6, (2.54¢)
Ohgg.(-
R0 0) _ o oo 0; + Dy sin6;, (2.54d)
oV,

while Jacobians expressions corresponding to the measurement function hg(g, )(-) are:

8h3(3ij) ()

0. = Vi(Aacosb; — B, sinb;) (2.55a)
Ohsys. (-
a0 0) _ ¢ costy — Dy sind) (2.55D)
d0;
Ohg (g, (-
(9(312)() = A,sin6; + B, cosb; (2.55¢)
Ohg (g, (-
w = —(C,sin Qj — D, cos Gj. (255d)

v,

Same as before, functions associated with line current phasor measurements are

non-linear. In addition, the rectangular representation of the line current phasor

resolves ill-conditioned problems that arise in polar coordinates due to small values
of current magnitudes [51,60]. The main disadvantage of this approach is related to

measurement errors, because measurment errors correspond to polar coordinates (i.e.

magnitude and phase errors), and hence, the covariance matrix must be transformed

from polar to rectangular coordinates [56,61,62]. As a result, measurement errors of a
single PMU are correlated and covariance matrix does not have diagonal form. Despite

that, the measurement error covariance matrix is usually considered as diagonal matrix,
which has the effect on the accuracy of the SE. Note that, combining representation
of measurements in polar and rectangular is possible, for example, the bus voltage
phasor in polar form and the line current phasor in rectangular form is often used [51].

The vector of measurement values zp, € R?Veh, the vector of measurement functions
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2Nph)><’l’b

hy,(x) € R?Ver and corresponding Jacobian matrix Jpp,(x) € R are:
ZR(vy) hypv,)(x)
Zg (v, hg(v,)(x)
Zpn = (V1) L hyn(x) = (Vi)
ZR () by, (%)
23() ha(ay) (%)

(2.56)

In case we neglect correlation between the measurements of a single PMU, the
matrix Ry, € RZNen)*(2Non) can be observed as the diagonal matrix:

Ry, = diag(Ry(v,), Ravy), Ry(s,), Rsy))s (2.57)

where each covariance sub-matrix of Ry}, is the diagonal matrix that contains mea-
surement variances. To recall, the solution of the SE model with legacy and phasor
measurements can be found using the Gauss-Newton method, where:

z = [Zle] ; h(x) = lhle(x)] ;o J(x) = Jle(x)] R= {Rle 0

B () Ton(x) 0 RpJ - 258)

2.6 Phasor Measurements with Rectangular State

Vector

For the case when the vector of state variables is given in rectangular coordinates
X = [VrC,Vim]T, and where measurements are also represented in the same coor-
dinates, we obtain linear measurement functions with constant Jacobian elements.
Unfortunately, direct inclusion in the conventional SE model is not possible due to
different coordinate systems, however, this still represents the important advantage of
phasor measurements.

The bus voltage phasor on the bus ¢ € H in the rectangular coordinates is defined
as:

V= R(V:) +iS(Vy). (2.59)

The state vector is given in the rectangular coordinate system x = [V, Vim]T and
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the real and imaginary components of (2.59) directly define measurement functions
R(Vi) £ hpev,y (1) and (Vi) £ hgv,) ().

Bus Voltage Phasor Measurement Functions

Measurement My, = {Mgy(v,), Mg, } € M, i € H is associated with measure-
ment functions:

hgv,) (1) = R(V:) (2.60a)

ha) () = S(Vs). (2.60b)

Jacobians expressions corresponding to the measurement function hg(v,)(-) are
defined:

Ohgv,y(-)  Ohpry()
COR(V:) L COR(V;) 0 (2.61a)
Ohgpvy () Ohgw,)()
aS(Vi) 0 EXOOES 0 (2.61b)

while Jacobians expressions corresponding to the measurement function hg(v,)(:) are:

Ohgv,(-)  Ohgw,y()
ROy % Tarey) (2:622)
Ohgw,)() . Ohgwy()
sy Y Tasmy) T (2.62D)

The line current phasor at the branch (i, ) € £ that connects buses i and j in the
rectangular coordinate system is given:

Jij = &E(JU) +J%(31]) (2.63)

Using (2.8a) and (2.9), where the state vector is given in the rectangular coordinate
system X = [V, Vim]T, the real and imaginary components of the line current phasor
Jij define measurement functions R(J;;) £ hyp,,)(+) and $(Ji;) £ hg,,) ()
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Line Current Phasor Measurement Functions

Measurements My, = {My(,,), Ms@,;)} S M, (i,j) € € are associated with
measurement functions:

by () = (9ij + gsi)R(Vi) — (b + bsi)S(Vi) — 95 R(V5) + 0;9(V;)  (2.64a)

hs(g,,) () = (big + b)) R(Vs) + (935 + 950)S(Vi) — bi R(V5) — gi; (V). (2.64D)

Jacobians expressions corresponding to the measurement function h%(jij)(') are
defined:

8}7]%(3”)( ) _ ah%(jz])() o B
( ) = Gij + Jsis W = —Gij (2.65a)
(-
i)

3h5re(a () _ Ohna) () _
SO3(Vi) o3(v;)

while Jacobians expressions corresponding to the measurement function hg g, y(-) are:

—bij — bsi; (2.65b)

Ohg,;)(*) Ohg,,)(+) _

= Uiy i3 —055 2.
oR(v,) aRV,) -l (2.662)
Ohs(9,5)() Ohs(a,,) ()
a3(V;) = gij + gsi; W]) = —0ij- (2.66b)

To summarize, presented model represents system of linear equations, where
solution can be found by solving the linear WLS problem. As before, measurement
errors by a single PMU are correlated and covariance matrix does not hold diagonal
form.

2.7 The DC State Estimation

The DC model is obtained by linearisation of the non-linear model. In the typical
operating conditions, the difference of bus voltage angles between adjacent buses
(i,j) € € is very small 0; — 0; ~ 0, which implies cos#;; ~ 1 and sinf;; ~ 0;;.
Further, all bus voltage magnitudes are V; ~ 1, i € H, and all shunt elements
and branch resistances can be neglected. This implies that the DC model ignores
the reactive powers and transmission losses and takes into account only the active
powers. Therefore, the DC SE takes only bus voltage angles x = 07T as state variables.
Consequently, the number of state variables is n = N — 1, where one voltage angle
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represents the slack bus?.

The set of DC model measurements M involves only active power flow Mp,,

(i,5) € &, and active power injection Mp,, i € H, from legacy measurments, and
without loss of generality, we can include bus voltage angle My,, i € H, from PMUs.

Linear Weighted Least-Squares Method

The DC state estimate x = 0T, which is a solution to the WLS problem (2.6), is
obtained through the non-iterative procedure by solving the system of linear equations:

(HTR*H)& —HTR !z, (2.67)

where H € R¥*N ig the Jacobian matrix of measurement functions.

According to the set of measurements M, vector and matrices are the following
block structure:

Zpy; Hp, Rp, O 0
Z= |2Zp; |, H= Hpi 3 R = 0 Rpi 0 . (268)
Zo, Hp, 0 0 Ry

Note that, each sub-matrix of R is the diagonal measurement error covariance matrix
that contains measurement variances. In the following, we provide expressions for
elements of H.

Active Power Flow Measurement Function (DC Model)

The active power flow at the branch (i, j) € £ that connects buses ¢ and j can be
obtained using (2.24a):
hp,; () = —=bi; (0: — 6;). (2.69)

Jacobian Hp;; of the function hp,,(-) associated with measurement Mp,,, (i,7) € £
is defined as matrix with corresponding elements:

ahPij () ahPij ()

. b 2.70
891 bm: 89] bz] ( )

2Similar to the non-linear SE, the BP approach uses complete set of state variables.
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Active Power Injection Measurement Function (DC Model)

The active power injection into bus ¢ € H can be obtained using (2.30a):

hp () == Y bi(6i—06;), (2.71)

JEH\i

where H; \ i is the set of buses adjacent to the bus i.

Jacobian Hp, of the function hp,(-) associated with measurement Mp,, i € H is
defined as matrix with corresponding elements:

) gy, Oy (2.72)

00; JEHN 99; jEH\i

Bus Voltage Angle Measurement Function (DC Model)

The bus voltage angle on the bus 7 € H is described with function:

ho, () = 0;. (2.73)

Jacobian Hp, of the function hy, (-) associated with measurement Mpy,, i € H is
defined as matrix with corresponding elements:

- =1 —22 0. 2.74
o6, ~ O s, " 2.74)

2.8 Summary

The solution for the non-linear and DC SE model can be found by solving the
optimization problem (2.5). The solution of the non-linear SE model reduces to
solving the iterative Gauss-Newton method, while the DC SE solution can be obtained
through the non-iterative procedure by solving WLS problem. The DC SE provides an
approximate solution, where all bus voltage magnitudes are set to one. The presented
models assume uncorrelated measurement errors that define diagonal measurement
error covariance matrices.

In the SE problem, each measurement function h;(x) depends on a limited (typically
small) subset of state variables x. Hence, the likelihood function £(z|x) can be
factorized into factors (2.5) affecting small subsets of state variables. This fact
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motivates solving the SE problem scalably and efficiently using probabilistic graphical
models. The solution involves defining the factor graph corresponding to (2.5), and
deriving expressions for BP messages exchanged over the factor graph.






Chapter 3

Belief Propagation based DC State
Estimation

For completeness of exposition, we present the solution of the DC SE problem using
the BP algorithm; we refer to the corresponding method as the DC-BP. Furthermore,
we propose a fast real-time DC state estimator and provide an in-depth convergence
analysis of the DC-BP algorithm, including the additional method to improve its
convergence. The material in this section sets the stage for the main contribution of
this thesis - the BP-based Gauss-Newton method for the non-linear SE model.

The DC SE model is described by the system of linear functions, where each
measurement function h;(x) involved in (2.2) is defined with (2.69), (2.71) and (2.73).
Due to the linearity, messages exchanged within the DC-BP algorithm can be evaluated
in closed form.

3.1 The Factor Graph Construction

For the DC model, the set of variable nodes is defined by the state variables x = o,
thus V = {61,...,0n} = {z1,...,2n}. The set of factor nodes F = {f1,..., fx} is
defined by the set of measurements M, with measurement functions (2.69), (2.71)
and (2.73). Measurements define likelihood functions A (z;|x,v;) that are in turn
equal to local functions v;(V;) associated to factor nodes. A factor node f; connects
to a variable node z; € V if and only if the state variable x, is an argument of the
corresponding measurement function h;(x).

Example 3.1.1 (Constructing factor graph). In this toy example, using a simple 3-
bus model presented in Figure 3.1(a), we demonstrate the conversion from a bus/branch
model with a given measurement configuration into the corresponding factor graph for
the DC model.

The variable nodes represent state variables, i.e., V = {01, 02, 05} = {1, 22, 23}.
Factor nodes are defined by corresponding measurements, where in our example,
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(b)

Figure 3.1: Transformation of the bus/branch model and measurement configuration
(subfigure a) into the corresponding factor graph for the DC model (subfigure b).

measurements Mp,, and Mp, are mapped into factor nodes F = {fp,,, fpr,}- A

3.2 The Belief Propagation Algorithm

To recall, the BP algorithm efficiently calculates marginal distributions of state
variables by passing two types of messages along the edges of the factor graph: i) a
variable node to a factor node, and ii) a factor node to a variable node messages. The
marginal inference provides marginal probability distributions of each of the state
variables that is used to estimate values of state variables x. Next, we describe the
DC-BP algorithm that is a version of the BP algorithm called Gaussian BP.

3.2.1 Derivation of BP Messages and Marginal Inference

Message from a variable node to a factor node: Consider a part of a factor
graph shown in Figure 3.2 with a group of factor nodes Fs = {fi, fuw,-..., fw} C F
that are neighbours of the variable node x5 € V. The message pi;,—f, (xs) from the

Folll Hfo—as (Ts)

Jw Hofyy—as (xs)

Figure 3.2: Message (5,5, (zs) from variable node z, to factor node f;.
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variable node x4 to the factor node f; is equal to the product of all incoming factor
node to variable node messages arriving at all the other incident edges:

Hazo—f; (xS) = H Hfo—g (xs)a (3_1)
fae}-s\fi

where F, \ f; represents the set of factor nodes incident to the variable node z,
excluding the factor node f;. Note that each message is a function of the variable .

Message from a Variable Node to a Factor Node

Let us assume that the incoming messages fif, —a, (Zs), . Uiy —a, (Ts) INtO
the variable node x5 are Gaussian and represented by their mean-variance pairs
(Zfuomer Vfuozs)s -+ r (Zfw—aer Vfw—a,). Note that these messages carry beliefs
about the variable node x5 provided by its neighbouring factor nodes F\ f;. According
to (3.1), it can be shown that the message g, f, (xs) from the variable node x5 to
the factor node f; is proportional to:

ﬂzsﬂfi(ms) O(N(x3|zzs—>fwvms—>fi)) (32)

with mean z,__, ¢, and variance v,__,, obtained as:

z T
Rp,—fi = < Z L )/stﬁfi (333’)

facFa\fi Tamres

1 1
= . (3.3b)

faej:s\fi ’Ufa—)$s

,st_>fi

After the variable node x4 receives the messages from all of the neighbouring factor
nodes from the set F; \ f;, it evaluates the message p5,— f, (z5) according to (3.3) and
sends it to the factor node f;.

Message from a factor node to a variable node: Consider a part of a factor
graph shown in Figure 3.3 that consists of a group of variable nodes V; = {xg, z;, ..., 1}
C V that are neighbours of the factor node f; € F. The message (i, 4, (xs) from
the factor node f; to the variable node x4 is defined as a product of all incoming
variable node to factor node messages arriving at other incident edges, multiplied by
the function ;(V;) associated to the factor node f;, and marginalized over all of the
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x oy i (1)

Figure 3.3: Message (i, 4, (zs) from factor node f; to variable node z,.

variables associated with the incoming messages:

pf s (Ts) = / : /1/11()(‘1) H [#wbﬂfi (zv) 'dxb]7 (34)

z zpEVi\Ts

where V; \ x; is the set of variable nodes incident to the factor node f;, excluding the
variable node x;.

Due to linearity of measurement functions h;(-), closed form expressions for these
messages is easy to obtain and follow a Gaussian form:

/”Lfi%ms(xs) OCN(x5|Zfi‘>ms’/Ufi‘>Is)' (35)

The message fif, 2, (2s) can be computed only when all other incoming messages
(variable to factor node messages) are known due to synchronous scheduling. Let us
assume that the messages into factor nodes are Gaussian, denoted by:

Kz — f; (xl) X N(Illzwzﬁfwvwzﬁfi)

(3.6)
Hap—f; ('rL) X N’(q"lewL—)fi’UwL_)fi)'
The Gaussian function associated with the factor node f; is given by (2.2):
zi — hi(zs, 21, ..., x5)]?
N(zi|xs,ml,...,xL,vi)o<exp{[ ( 5 : o)l } (3.7)
U4

The DC model contains only linear measurement functions which we represent in a
general form as:

hi(xs;xlw'-v'r[z) = Cﬂvsxs + Z bexb, (38)
IbEXi\CES
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where V; \ x5 is the set of variable nodes incident to the factor node f;, excluding the
variable node x;.

Message from a Factor Node to a Variable Node

From the expression (3.4), and using (3.6)-(3.8), it can be shown that the message
K-z, (xs) from the factor node f; to the variable node z; is represented by the
Gaussian function (3.5), with mean zy,_,,, and variance vy,_,,, obtained as:

1
Rfiozs = C_<Zl - Z Cwbzﬁcb%fi> (3'93)

T, EV;\Ts

1
Vf oz, = C—2<”Ui + Z Cz{”m—n%) . (3.9b)

IbEV-;\LES

To summarize, after the factor node f; receives the messages from all of the
neighbouring variable nodes from the set V; \ z;, it evaluates the message pi5, o, ()
according to (3.9a) and (3.9b), and sends it to the variable node x.

Marginal inference: The marginal of the variable node x4, illustrated in Fig-
ure 3.4, is obtained as the product of all incoming messages into the variable node x:

p(zs) = H ffosa. (Ts), (3.10)

fe€Fs

where F; is the set of factor nodes incident to the variable node z.

foll Hfo—ras(Ts)

P, (Ts)
fi

fw Py (Ts)

Figure 3.4: Marginal inference of the variable node .
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According to (3.10), it can be shown that the marginal of the state variable z; is

represented by:
p(.Ts) O(./V'(JJS|JA}S,’U$S), (3.11)

with the mean value £, and variance v,,:

t%s _ ( Z ch%ﬁs)vzs (3.123,)

foeF, e
1 1
—= ) . (3.12b)
Yz, g oF, Vfeas

Finally, the mean-value Z; is adopted as the estimated value of the state variable
Ts.

3.2.2 Iterative DC-BP Algorithm

The SE scenario is in general an instance of loopy BP since the corresponding factor
graph usually contains cycles. Loopy BP is an iterative algorithm, with an iteration
index 7 = {0,1,2,...}, and we use the synchronous scheduling, where all messages
are updated in a given iteration using the output of the previous iteration as an input.

To present the algorithm precisely, we need to introduce different types of factor
nodes. The indirect factor nodes Finq C F correspond to measurements that measure
state variables indirectly. In the DC scenario, this includes active power flow and
power injection measurements. The direct factor nodes Fqiy C F correspond to the
measurements that measure state variables directly. For our choice of state variables
for the DC scenario, an example includes measurements of bus voltage angles.

Besides direct and indirect factor nodes, we define two additional types of singly-
connected factor nodes. The slack factor node corresponds to the slack or reference
bus where the voltage angle has a given value. Finally, the virtual factor node is a
singly-connected factor node used if the variable node is not directly measured, and
takes the value of ”flat start” with variance v; — oo or a priori given mean value and
variance of state variables.

We refer to direct factor nodes and two additional types of singly-connected factor
nodes as local factor nodes Fioc C F. We note that local factor nodes only send,
but do not receive, and repeatedly transmit the same message to the corresponding
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variable node throughout BP iterations.

Algorithm 1 The DC-BP

1: procedure INITIALIZATION 7 =0

2 for each fs € Foc do

3 send ugf)gm to incident zs € V

4 end for

5: for each z; € V do

6 send “iz)ﬁfi = M;SLIS’ to incident f; € Finq
7 end for

8: end procedure

9: procedure ITERATION LOOP 7 =1,2,...

10: while stopping criterion is not met do

11: for each f; € Finq do

12: Compute u(){)_mé using (3.92)*, (3.9b)*
13: end for '

14: for each z5, € V do

15: Compute uiz)_m using (3.3)

16: end for

17: end while

18: end procedure

19: procedure OUTPUT

20: for each z;, € V do

21: Compute &g, v, using (3.12)
22: end for

23: end procedure

*Incoming messages are obtained in previous iteration 7 — 1

Example 3.2.1 (Different types of factor nodes). In this example, we consider the
bus/branch model with three measurements illustrated in Figure 3.5(a) that we use to
describe different types of factor nodes.

The indirect factor nodes (orange squares) are defined by corresponding measure-
ments, where in our example, active power flow Mp,, and active power injection Mp,
measurements are mapped into factor nodes Fina = {fp,,, fr,}. The set of local factor
nodes Floc consists of the set of direct factor node (green square) Fair = {fo,} defined
by bus voltage angle measurement My, , virtual factor node (blue square) and the slack
factor node (yellow square). A

The presented algorithm is an instance of a loopy Gaussian BP applied over a
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03
bus 3

(b)
Figure 3.5: Transformation of the bus/branch model and measurement configuration

(subfigure a) into the corresponding factor graph with different types of factor nodes
for the DC model (subfigure b).

linear model defined by linear measurement functions h(x). It is well known that, if
loopy Gaussian BP applied over a linear model converges, it will converge to a fixed
point representing a solution of an equivalent WLS problem (2.67) [63]. Unlike means,
the variances of Gaussian BP messages need not converge to correct values.

The DC-BP algorithm is presented in Algorithm 1. After the initialization (lines
1-8), the main algorithm routine starts which includes BP-based message inference
(lines 9-18). Finally, the marginal inference provides the estimate of the state variables
(lines 19-23). In Appendix B, we presented an illustrative numerical example of the
proposed DC-BP algorithm.

3.2.3 Convergence of DC-BP Algorithm

In this part, we present convergence analysis of DC-BP algorithm with synchronous
scheduling. In the following, it will be useful to consider a subgraph of the factor
graph that contains the set of variable nodes V = {x1,...,2yx}, the set of indirect
factor nodes Fing = {f1,..., fm} C F, and a set of edges B C V x Finq connecting
them. The number of edges in this subgraph is b = |B|. Within the subgraph, we will
consider a factor node f; € Finq connected to its neighboring set of variable nodes
Vi = {zq,...,2g} CV by aset of edges B; = {b,...,b%} C B, where d; = [V;] is the
degree of f;. Next, we provide results on convergence of both variances and means of
DC-BP messages, respectively.

Convergence of the Variances: From equations (3.3b) and (3.9b), we note
that the evolution of the variances is independent of mean values of messages and
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measurements. Let vy € R® denote a vector of variance values of messages from indirect
factor nodes Fi,q to variable nodes V. Note that this vector can be decomposed as:

véT) = [Véj—l), .. .véfr)n]T, (3.13)
where the i-th element vy ; € R% is equal to:

Substituting (3.3b) in (3.9b), the evolution of variances vy is equivalent to the following
iterative equation:
vi? = f(viTY). (3.15)

More precisely, using simple matrix algebra, one can obtain the evolution of the
variances vy in the following matrix form:

viD = [(éflné) (@A) + zaéfl}i, (3.16)

where
c=cc” (3.17a)
A=T3'TT + L. (3.17b)

Note that in (3.16), the dependance on ng_l) is hidden in matrix A, or more precisely,
in matrix 3g. Next, we briefly describe both the matrices and matrix-operators
involved in (3.16).

The operator D(A) = diag(A11, ..., Ap), where A;; is the i-th diagonal entry of
the matrix A. The unit vector i is of dimension b and is equal to i = [1,...,1]T. The

diagonal matrix 3 is obtained as ¥4 = diag(véT_l)) € Rb*b,

The matrix C = diag (Cl, cee Cm) € R"*? contains diagonal entries of the Jacobian
non-zero elements, where i-th element C; = [C,,...,Cy,] € R%. The matrix
3, = diag (Ea,l, e anm) € Rb*? contains indirect factor node variances, with the

i-th entry ,; = [v;,...,v;] € R%.

The matrix L = diag (Ll, e Lm) € R**? contains inverse variances from singly-
connected factor nodes to a variable node, if such nodes exist, where the i-th element
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L, = [lmw cee lr@] € R%. For example, lzq equals:

1
——, if z, is incident to fq
leg = 4 Vfag—aq ! o (3.18)

0, otherwise.

The matrix IT = diag (I, ... II,,) € F5<°, Fy = {0,1}, is a block-diagonal matrix
in which the i-th element is a block matrix ITl; =1, —1; € ]Fg"'Xdi, where the matrix 1;
is d; x d; block matrix of ones, and I; is d; x d; identity matrix. The matrix T’ € FgXb
is of the following block structure:

0171 ]__‘172 e I‘Lm
].-‘2’1 0272 e I‘27m

= . ) ) , (3.19)
i T2 oo Omm

3

where 0;; is a block matrix d; x d; of zeros, and I'; j € ngde with the (4, j)-th entry:

1, if both b and b] are incident to x,

T (0.) = (3.20)

0, otherwise.

Note that the following holds: I';; = I‘Ej.
Theorem 3.2.2. The variances vy from indirect factor nodes to variable nodes always

converge to a unique fized point lim.,_ .o véT) = Vg for any initial point véTZO) > 0.

Proof. The theorem can be proved by showing that f (VS) satisfies the conditions of
the so-called standard function [64], following similar steps as in the proof of Lemma
1 in [65]. O

Convergence of the Means: Equations (3.3a) and (3.9a) show that the evolution
of the mean values depends on the variance values. Due to Theorem 3.2.2, it is possible
to simplify evaluation of mean values zs from indirect factor nodes Fi,q to variable
nodes V by using the fixed-point values of V5. The evolution of means zs becomes a
set of linear equations:
2V =7 — Qz"Y, (3.21)

S
where

7=C'z,—D-(D(A)) " Lz, (3.22a)
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Q=D (DA) -T2 (3.22b)
A=T3'T"+L (3.22¢)
D = C 'TIC. (3.22d)

Note that the vector of means zs € R? can be decomposed as:

20 =[27),.... 2", (3.23)
where the i-th element zg; € R% is equal to:
2} =[] (3.24)

The vector z, = [Za1,: - za,m]T € R® contains means of indirect factor nodes,
where z,; = [2,...,2] € R%. The diagonal matrix 3, € R**? is obtained as 3, =
lim, o EgT). The vector z, = [Zb,l, e ,zb,m] € R? contains means from direct and
virtual factor nodes to a variable node, if such nodes exist, where the i-th element
NS [zwk, e zch] € R%. For example, the element z,, of z,; is equal to:

Zfyw—zy, if Tp is incident to fq
s = 4 T (3.25)
0, otherwise.

Theorem 3.2.3. The means zs from indirect factor nodes to variable nodes converge

to a unique fized point lim, 27 = 5

2= (I+9Q)7 'z, (3.26)
for any initial point zéT:O) if and only if the spectral radius p(2) < 1.

Proof. The proof steps follow the proof of Theorem 5.2, [64]. O

Convergence of the DC-BP Algorithm with Synchronous Scheduling

To summarize, the convergence of the DC-BP algorithm depends on the spectral
radius of the matrix:

Q= (C'IC) - [T 'TT + L)) - (T2]). (3.27)

If the spectral radius p(2) < 1, the DC-BP algorithm will converge and the resulting
vector of mean values will be equal to the solution of the MAP estimator.
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3.2.4 Convergence of DC-BP with Randomized Damping

In this section, we propose an improved DC-BP algorithm that applies synchronous
scheduling with randomized damping. Several previous works reported that damping
the BP messages improves the convergence of BP [65,66]. Here, we propose a different
randomized damping approach, where each mean value message from indirect factor
node to a variable node is damped independently with probability p, otherwise, the
message is calculated as in the standard DC-BP algorithm. The damped message
is evaluated as a linear combination of the message from the previous and the
current iteration, with weights a; and 1 — aq, respectively. In numerical section,
we demonstrate that the DC-BP with randomized damping dramatically improves
convergence as compared to the standard DC-BP.

In the proposed damping, the equation (3.21) is redefined as:
Z((jf) _ Z((;) + a1zl 4 a2, (3.28)

where 0 < a3 < 1 is the weighting coefficient, and as = 1 — ;. In the above

expression, zgf) and z&J ) are obtained as:

z((;) =Qz - QQz" Y (3.29a)
270 = Wz - WQz({" 1, (3.29b)

where diagonal matrices Q € F5*® and W € F5*? are defined as Q = diag(1—qi, ..., 1—
@), ¢; ~ Ber(p), and W = diag(q, ..., q), respectively, where Ber(p) € {0,1} is a
Bernoulli random variable with probability p independently sampled for each mean
value message.

Substituting (3.29a) and (3.29b) in (3.28), we obtain:
2 = (Q+ W)z — (QQ + s W — 0y W)z{" . (3.30)

Note that z" ™" = Wz{" ™" In a more compact form, equation (3.30) can be written
as follows:

z((iT) =Z— Qzﬁ"_l), (3.31)

where

z=(Q+ W)z (3.32a)
Q=QQ+a,WQ —a;W. (3.32b)
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Theorem 3.2.4. The means zq from indirect factor nodes to variable nodes converge
to a unique fized point zq = lim_, o z((ir) for any initial point zf{zo) if and only if the

spectral radius p(Q¥) < 1. For the resulting fixed point, it holds that zq = Zs.

Proof. To prove theorem it is sufficient to show that equation (3.31) converges to the
fixed point defined in (3.26). We can write:

7,7 = Wz - WQz("?. (3.33)
Substituting (3.29a), (3.29b) and (3.33) in (3.28):

zg) = (Q 4+ s W + Ole)Z — (QQ + aQWQ) zéT_l) — a1WQz§7_2). (3.34)

()

The fixed point zq = lim, o 2y’ is equal to:

20 = (I+QQ+ W +a W)™ - (Q+ W + o W)z (3.35)

From definitions of Q, W and as, we have QQ + aoa WQ + oy RQ = Q and Q +
agW + oy W =1, thus (3.35) becomes:

2a=(1+9) 'z (3.36)

This concludes the proof. O

Convergence of the DC-BP Algorithm with Randomized Damping

To summarize, the convergence of the DC-BP with randomized damping depends
on the spectral radius of the matrix:

Q = QQ + QQWQ - a1W. (337)

If the spectral radius p(Q2) < 1, the DC-BP algorithm will converge to the same fixed
point obtained by the DC-BP with synchronous scheduling.

3.2.5 Randomized Damping Parameters

The proposed randomized damping scheduling updates of selected factor to variable
node means in every iteration by combining them with their values from the previous
iteration using convergence parameters p and «aq:

A = (=) A g (25N a2, (3.38)
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where ¢;s ~ Ber(p) € {0,1} is independently sampled with probability p for the mean
from factor node f; to the variable node x,.

The probability p defines a fraction of a factor node to variable node messages
from the current iteration that are combined with the corresponding messages from
the previous iteration. The weighting coefficient a; defines the ratio that determines
how messages from the current and the previous iteration are combined. For example,
p = 0.2 specifies that 20% of the messages from the current iteration will be combined
with their values in the previous iteration, while 80% of messages are keeping the
values calculated in the current iteration. Furthermore, if oy = 0.1, then for the 20%
of messages, the new value is obtained as a linear combination of the values calculated
in the current and the previous iteration with coefficients 0.1 and 0.9, respectively.

The randomized damping parameter pairs lead to trade-off between the number of
non-converging simulations and the rate of convergence. In general, for the selection
of p and « for which only a small fraction of messages are combined with their values
in the previous iteration, and that is the case for p close to zero or a; close to one,
we observe a large number of non-converging simulations. This clearly demonstrates
the necessity of using (3.28) to “slow down” the BP progress, thus increasing the
algorithm stability and providing improved convergence.

We expect that, for any selected «y, the BP algorithm will converge faster for
smaller values of p, as lower p leads to a reduced “slow down” effect. However, one
needs to be careful with selection of p in order to avoid the combinations of p and ay
that lead to large number of non-converging outcomes.

3.3 Fast Real-Time DC State Estimation

Monitoring and control capability of the system strongly depends on the SE accuracy
as well as the periodicity of evaluation of state estimates. Ideally, in the presence of
both legacy and phasor measurements, SE should run at the scanning rate (seconds
or sub-second). In the following, we propose a fast real-time state estimator based
on the BP algorithm. As we described, using the BP, it is possible to estimate state
variables in a distributed fashion. In other words, unlike the usual scenario where
measurements are transmitted directly to the control center, in the BP framework,
measurements are locally collected and processed by local modules that exchange BP
messages with neighboring local modules. Furthermore, even in the scenario where
measurements are transmitted to the centralized control entity, the BP solution is
advantageous over the classical centralized solutions in that it can be easily distributed
and parallelized for high performance.
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Compared to the previous section that addresses classical (static) SE problem,
this section is an extension to the real-time model that operates continuously and
accepts asynchronous measurements from different measurement subsystems. More
precisely, we assume presence of both SCADA and WAMS infrastructure. We present
appropriate models for measurement arrival processes and for the process of mea-
surement deterioration (or “aging”) over time. Such measurements are continuously
integrated into the running instances of distributed BP-based modules. For simplicity,
we present the real-time DC-BP, while extension to the non-linear SE model is possible.
Furthermore, the BP-based SE is robust to ill-conditioned systems in which significant
difference arise between measurement variances, thus allowing state estimator that
runs without observability analysis.

To recall, the main SE routines comprise the SE algorithm, network topology
processor, observability analysis and bad data analysis. The core of the SE is the
SE algorithm which provides a state estimate of the system, based on the network
topology and set of measurements M. Using information about switch and circuit
breaker positions the network topology processor generates a bus/branch model of
the power network and assigns real-time measurement devices (legacy and/or PMU
devices) across the bus/branch model [3, Sec. 1.3]. As a result, the graph G =
(H,E) representing the power network is defined. In addition, the set of real-time
measurements M,y C M is connected to the graph G.

According to the location and the type of real-time measurements the observability
analysis determines observable and unobservable islands. Within the observable
islands, it is possible to obtain unique state estimates from the available set of real-
time measurements M, which is not the case within unobservable parts of the system.
Once observability analysis is done, pseudo-measurements can be added, in order for
the entire system to be observable [3, Sec. 4.6], [5]. The set of pseudo-measurements
Mps C M represents certain prior knowledge (e.g., historical data) of different
electrical quantities and they are usually assigned high values of variances [3, Sec. 1.3].
As detailed later, we assume that, at a given time, the system measurements are
either real-time or pseudo-measurements, i.e., the sets M,; and M,y are disjoint
M, N Mps = 0 and their union is the set M = M,y U M.

To summarize, in this section, we propose a fast and robust BP-based SE algorithm
that can update the state estimate vector X in a time-continuous process. Hence, the
algorithm can handle each new measurement M; € M, as soon as it is delivered
from telemetry to the computational unit. Further, using the DC-BP algorithm, it
is possible to compute the state estimate vector x without resorting to observability
analysis.
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3.3.1 Real-Time SE Using DC-BP

The proposed SE solution is based on the fact that the BP-based algorithm is robust
in terms of handling the ill-conditioned scenarios caused by significant differences
between values of variances (e.g., phasor measurements and pseudo-measurements).
Ideally, pseudo-measurements should not affect the solution within observable islands
(i.e., determined with real-time measurements), therefore the variance of pseudo-
measurements M; € Mg should be set to v; — oo. In the conventional SE this
concept is a source of ill-conditioned system. Hence, the values of pseudo-measurement
variances should be defined to prevent ill-conditioned situations and ensure numerical
stability of the SE algorithm (e.g., 1019 — 10!%). On the other hand, inability to
define v; — oo causes that pseudo-measurements have more or less impact on the
state estimate X, and thus the number of pseudo-measurements should be minimized
to produce an observable system.

The BP SE algorithm allows the inclusion of an arbitrary number of pseudo-
measurements with an extremely large values of variances (e.g., 1059), hence the
impact on the observable island is negligible. Consequently, observable islands will
have unique solution according to the real-time measurements, while unobservable
islands will be determined according to both real-time and pseudo-measurements.
Therefore, we propose a model where the network topology processor generates
bus/branch model and assigns all possible measurements that exist in the power
system, setting their variances to suitable values.

Without loss of generality, we demonstrate this procedure by a toy-example, using a
simple bus/branch model shown in Figure 3.6(a) where all the possible measurements
are assigned. The first step is converting the bus/branch model and its measurements
configuration into the corresponding factor graph illustrated in Figure 3.6(b). We

My, My,

Mp, Mp,
(a)
Figure 3.6: Transformation of the bus/branch model and measurement configuration
(subfigure a) into the corresponding factor graph for the DC model (subfigure b).

assume, for the time being, that all the measurements are pseudo-measurements M =
Mps = {My,, My,, Mp,, Mp,, Mp,,} and M, = {0}, noting that the system is
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unobservable. Using equations (3.3), (3.9) and (3.12) the BP algorithm will compute
the state estimate vector x according to the set of factor nodes F defined by the set
of pseudo-measurements M = M. Hence, the system is defined according to the
prior knowledge in lack of real-time measurements.

Subsequently, in an arbitrary moment, we assume that the computational unit
received a real-time measurement M,, = {Mp, }, which determines an observable
island that contains bus 1, while bus 2 remains within unobservable island. The
BP algorithm in continuous process will compute the new value of state estimate 6;
according to Mpy,, with insignificant impact of (high-variance) pseudo-measurements
Mps \ {Mp, }, while the value of the state estimate 65 will be defined according to
both My, and Mps \ {Mp, }.

Assuming that subsequently, the computational unit receives an additional real-
time measurement Mp,,, the system will be observable. The state estimate % at that
moment will be computed according to the real-time measurements M,y = {My, ,
Mp,, }, with negligible influence of pseudo-measurements M \ {Mp, , Mp,, }.

Based on our extensive numerical analysis on large IEEE test cases, the proposed
algorithm is able to track the state of the system in the continuous process without
need for observability analysis. Note that, due the fact that the values of state
variables usually fluctuate in narrow boundaries, in normal conditions, the continuous
algorithm allows for fast response to new each measurement.

3.4 Numerical Results

In this section, using numerical simulations, we analyze the convergence and evaluate
the performance of the fast real-time DC-BP algorithm. In all simulated models,
we start with a given IEEE test case and apply the power flow analysis to generate
the exact solution. Thus, we apply the DC power flow analysis to calculate voltage
angles and active powers. Further, we corrupt the exact solution by the additive
white Gaussian noise of variance v; and we observe the set of measurements M.

3.4.1 Convergence Analysis

The measurements contain active power flows and power injections, and bus voltage
angles and the set of measurements is selected in such a way that the system is
observable. More precisely, for each scenario, we generate 1000 random measurement
configurations with the number of measurements equal either to double or triple the
size of the number of state variables (i.e., we consider the redundancy to be equal 2
or 3). To evaluate the performance, we convert each of the above randomly generated
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IEEE test cases with a given measurement configuration into the corresponding factor
graph and we run the DC-BP algorithm over the factor graph.
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Figure 3.7: The spectral radius of matrices € for synchronous scheduling and € for
randomized damping for redundancy equal 2 for IEEE 14-bus (subfigure a) and IEEE

118-bus (subfigure ¢) test case and for redundancy equal 3 for IEEE 14-bus (subfigure
b) and IEEE 118-bus (subfigure d) test case.

As detailed in Subsection 3.2.3 and Subsection 3.2.4, the DC-BP with synchronous
scheduling with or without randomized damping will converge if p(Q2) < 1 and

p(Q2) < 1, respectively. This condition is verified in our simulations, thus we present
the convergence performance by comparing spectral radii of matrices € and Q.

Figure 3.7 shows empirical cumulative density function (CDF) F(p) of spectral
radius p(2) and p(Q) for different redundancies for IEEE 14-bus and IEEE 118-
bus test case. For each scenario, the randomized damping case behaves superior in

terms of the spectral radius. As an interesting and somewhat extreme case, for the
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IEEE 118-bus test case, the DC-BP algorithm with synchronous scheduling could
not converge at all, while with randomized damping', we recorded convergence with
probability above 0.9. As expected, the algorithm with randomized damping performs
better for larger redundancy.

3.4.2 Fast Real-Time DC-BP Algorithm

We evaluate the performance of the proposed algorithm using the IEEE 14-bus test
case with the measurement configuration shown in Figure 3.8. The slack bus is bus 1
where the voltage angle has a given value 0; = 0, therefore, the variance is v; — 0
(e.g. we use v; = 1070 deg). Throughout this part, the variance of active power
flow and injection pseudo-measurements are vp,s = 10°° MW, while voltage angle
pseudo-measurements have vps = 1090 deg. Note that the base power for the IEEE
14-bus test case is 100 MVA.

[l Active Power Flow Measurement

@ Active Power Injection Measurement

A\ Voltage Angle Measurement

Figure 3.8: The IEEE 14-bus test case with measurement configuration.

In each test case (described below), the algorithm starts at the time instant ¢ = 0
initialized using the full set of pseudo-measurements M = M, generated according
to historical data. Consider an arbitrary measurement M; € M, this measurement is
initialized as pseudo-measurement, i.e., at t =0, M; € M. Let ¢,; denotes the time
instant when the computational unit has received the real-time measured value of M;

INote that randomized damping parameters are set to p = 0.6 and oy = 0.5.
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with the predefined value of variance v,;. We model the “aging” of the information
provided by this measurement by the linear variance increase over time up to the time
instant ¢ps where it becomes equal to vps (Figure 3.9). In other words, we assume
M; € My during 0 <t <ty and ¢ > tpe, while M; € My during ¢¢ <t < tps. After
the transition period ¢ > tps, M; is observed as pseudo-measurement until the next
real-time measurement is received.

v

Ups |

Urt

Figure 3.9: The time-dependent function of variances for real-time measurements.

Test Case 1: In the following, we analyze performance of the proposed algorithm
in the scenario characterized by significant differences between variances and observe
influence of the pseudo-measurements on the state estimate x = 7.

In Table I, we define the (fixed) schedule and type of real-time measurements,
where each real-time measurement is set to v,y = 1072 MW at t,, and we assume
tps — oo (i.e., vy remains at 10712 MW for ¢ > ;¢ ). The example is designed in
such a way that, upon reception of each real-time measurement, due to its very low
variance one of the states from the estimated state vector 07 becomes approximately
equal to the power flow solution.

Time | Active power flow M Py Time | Active power flow M P
trt(s) | from bus ¢ to bus j tr¢(s) | from bus i to bus j

1 1 2 8 7 9

2 2 3 9 9 10

3 3 4 10 10 11

4 4 5 11 6 12

5 5 6 12 12 13

6 4 7 13 13 14

7 7 8

Table 3.1: Schedule and type of real-time measurements.

Figure 3.10 shows estimated values of voltage angles 3, s and 614 for the scenario
defined in Table 3.1. One can note the robustness of the proposed BP SE solution in
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Figure 3.10: Real-Time estimates of voltage angles 63, s and 614 where the compu-
tational unit received active power flow real-time measurements every ¢t = 1s with
variance v,y = 10712 MW.

a sense that, at any time instant, the extreme difference in variances between already
received real-time measurements and remaining set of pseudo-measurements (that
typically lead to ill-conditioned scenarios), are accurately solved by the BP estimator.
As expected, in our pre-designed example, we clearly note a sequential refinement of
the state estimate, where each new received real-time measurement Mp,; accurately
defines the corresponding state variable 6;. More precisely, starting from the slack
bus that has a known state value, the real-time measurement Mp,, specifies the state
value of 05 at time ¢ = 1s. The chain of refinements repeats successively until ¢ = 13s
when the final state variable 614 is accurately estimated.

Although somewhat trivial, the above example demonstrates that the BP-based SE
algorithm provides a solution according to the real-time measurements, irrespective
of the presence of (all) pseudo-measurements. In addition, Figure 3.10 shows how BP
influence propagates through the network (e.g., upon reception, measurement Mp,,
affects the distant state variable 614).

Test Case 2: In order to investigate how fast BP influence propagates through
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the network, we use the same setup given in Test Case 1, and analyse the response of
the system to the received real-time measurement of different variance v,y = {2027
102, 1072} MW. In particular, we track the convergence of the (iterative message
passing) BP algorithm over time, from the moment the real-time measurement is
received, to the moment when the state estimate reaches a steady state.
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&
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Figure 3.11: Real-Time estimates of voltage angles 05, 5 and 61, where the com-
putational unit received active power flow real-time measurement Mp,, at the time
t = 1s with variances vy, = {202,10%,1072} MW.

Figure 3.11 illustrates the influence of the real-time measurement Mp,, received at
t;s = 1s, on the state variables 05, 03 and 614. As expected, the received real-time
measurement has almost immediate impact on the state variable 65, where steady state
occurs within ¢ < 1ms, even for the high value of measurement variance v,y = 202 MW.
Further, this real-time measurement will influence the entire system through iterative
BP message exchanges. As expected, increasing the distance between the measurement
location and the bus location, more time is needed for the corresponding state variable
to reach the steady state. For example, steady state of the state variable 614 occurs

within ¢ < 25 ms.

To summarize, the algorithm is able to provide fast response on the received
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real-time measurements and, for the DC SE framework, it is able to support both
WAMS and SCADA technology in terms of the required computational delays.

Test Case 3: In the final scenario, we consider the dynamic scenario in which
the power system changes values of both generations and loads every 100s. In the
interval between t = 0 and ¢ = 250, only active power flow and injection real-time
measurements are available with variances vy = 102 MW and tps — trt = 10%s.2 After
2508, the voltage angle real-time measurements become available with parameters
vyt = 107% deg and ¢ps — 0o. For every measurement, arrival process in each interval
is modeled using Poisson process with average inter-arrival time 1/\, where for active
power flow and injection real-time measurements we set A = 0.05 and for angle
real-time measurements A = 0.5.
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Figure 3.12: Real-time estimates of voltage angles 63, s and 614 where real-time
measurements arrived at the computational unit according to Poisson process.

Figure 3.12 shows state estimates of state variables 03, g and 614 over the time
interval of 300s for the described scenario. During the first 250s, the BP SE provides
state estimates according to incoming noisy real-time measurements and, as apparent

2 Although the period of 103 s may appear large, note that this is compensated by very high
variance vps = 1080 MW at tps-
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from the figure, each new real-time measurement will affect the current state of
the system. After ¢ = 250s, the voltage angle real-time measurements arrived with
constant and very low variance, thus providing state estimates which are considerably
more accurate.

3.5 Summary

We proposed a fast real-time state estimator based on the BP algorithm. The estimator
is easy to distribute and parallelize, thus alleviating computational limitations and
allowing for processing measurements in real time. Convergence of the DC-BP
algorithm depends of the spectral radius of the matrix that governs evolution of
means from indirect factor nodes to variable nodes, and we proposed improved DC-BP
algorithm using synchronous scheduling with randomized damping.

The algorithm may run as a continuous process, with each new measurement
being seamlessly processed by the distributed state estimator. In contrast to the
matrix-based state estimation methods, the belief propagation approach is robust
to ill-conditioned scenarios caused by significant differences between measurement
variances, thus resulting in a solution that eliminates observability analysis. Using the
DC model, we numerically demonstrate the performance of the state estimator in a
realistic real-time system model with asynchronous measurements. We note that the
extension to the non-linear state estimation is possible within the same framework.



Chapter 4

Native Belief Propagation based
Non-Linear State Estimation

The native BP-based algorithm (AC-BP) for the non-linear SE represents a logical step
in the transition from a linear to a non-linear model. We use insights from the DC-BP
algorithm therein to derive the AC-BP algorithm. Due to non-linearity of measurement
functions, the closed-form expressions for certain classes of BP messages cannot be
obtained, and using approximations, we proposed the algorithm as an approximate
BP solution for the non-linear SE problem. Unfortunately, due to approximations,
the AC-BP algorithm does not match the performance of the centralized non-linear
SE based on Gauss-Newton method.

Additionally, the AC-BP messages have considerably more complex form as com-
pared to the DC-BP, and the algorithm requires prior knowledge (e.g., historical data).
Despite all that, the AC-BP gives a different interpretation of the BP algorithm and
establishes interesting connections between the BP algorithm and WLS equations.

Without loss of generality, in the rest of the chapter, for the AC-BP we observe
only legacy measurements. To recall, the non-linear SE model is characterized by
the set of state variables x = [0, V]T, while measurement functions are defined with
(2.24), (2.28), (2.30) and (2.33).

4.1 The Factor Graph Construction

According to (2.5), in the non-linear scenario, the set of state variables x = [0, V|T
determines the set of variable nodes V = {(01,V1), ..., (On,VN)} = {21,..., 20},
while the set of factor nodes F = {f1,..., fr} is defined by the set of measurements
M. A factor node f; connects to a variable node z; € V if and only if the state
variable z, is an argument of the corresponding measurement function h;(x).

Example 4.1.1 (Constructing factor graph). In this toy example, using a simple
3-bus model presented in Figure 4.1, we demonstrate the conversion from a bus/branch
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model with a given measurement configuration into the corresponding factor graph for
the AC-BP model.

Figure 4.1: Transformation of the bus/branch model and measurement configuration
(subfigure a) into the corresponding factor graph for the AC-BP model (subfigure b).

The variable nodes represent state variables X = {01,V1, 02, Vs, 03,V3}. Factor
nodes are defined by corresponding measurements, where in our ezample, measurements
Mp,, and Mp, are mapped into factor nodes F = {fp,,, fpr,}- A

4.2 The Belief Propagation Algorithm

The AC-BP algorithm is based on the direct BP application over set of variable V
and factor F nodes, thus insights from the DC-BP algorithm can be used.

4.2.1 Derivation of BP Messages and Marginal Inference

Message from a variable node to a factor node: Due to the fact that variable
node output messages do not depend on measurement functions according to (3.1),
relations (3.2) and (3.3) hold for the AC-BP.

Message from a factor node to a variable node: Due to non-linear measure-
ment functions h;(+), the integral in (3.4) for the AC-BP cannot be evaluated in closed
form. Consequently, the message from a factor node to a variable node will not be
Gaussian. In the following, as an approzximation, we assume that for the AC-BP,
the message fif, 4, (25) also has the Gaussian form (3.5). According to DC-BP we
provide arguments that lead us to approximations used to derive messages for the
AC-BP.

Mean value evaluation: The expression for the mean of the DC-BP zy,_,,_ is ezact
and equals (3.9a). Although the expression (3.9a) is obtained by directly evaluating
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(3.4) for the linear DC model, we note that it has a useful interpretation via conditional
expectation. For that purpose, let us define a vector x, = V;\ 5, and let zy, _, #, denote
a vector of mean values of messages from variable nodes V; \ x4 to the factor node f;.
Then, the conditional expectation E[h;(xs,Xp)|Xp = 2x,— ;] can be calculated as:

Elhi(xs,%0) %0 = 2,5 1,) = O Blas|xy = 2, s ]+ Y Ciyzaysp, = 2 (4.1)
pEVi\Ts

From the BP perspective, the conditional expected value E[z,|x, = zx,— ;] repre-
sents the mean zy,_,, . Hence, it is possible to define the conditional expectation of
non-linear measurement function h;(-):

E[hi(a’.mxbﬂxb = be%fi} = Zi-. (42)

Due different forms of non-linear measurement functions h;(-), see equations (2.24),
(2.28) and (2.30), the equation (4.2) will produce different forms of conditional
expectation E[z,|zx, 1] = 25, 5a,:

aElxs|zx, 5] +0=0 (4.3a)
aE[2?|xp = Zx,— 1] + DE[T5]Xp = 2y, p,] + =0 (4.3b)
aE[sin® z4|Xp = 2y, 1] + bE[sin x4|xp = 2x,f,] + ¢ =0, (4.3c)

where a, b and ¢ are coefficients derived from non-linear measurement functions (see
Appendix C for details).

Due to quadratic form of (4.3b) and (4.3c), we may obtain two possible values for
the mean value zy,_,,. Thus in order to unambiguously define zy,_,, , we assume
that certain a priori knowledge of state variables, denoted as X = (6, {7), is available
(e.g., historical data). Given the prior data, we evaluate the mean value as:

z}lgm, if A >0 and d; < do

e, =S 20, if A>0 and di > dy (4.4)
Ts, if A <O,
where A is the discriminant of the quadratic polynomial, and d; = |zJ([1)_m — X4,
dy = |z§2Lz — Zs|, (see Appendix C for details).

The variance evaluation: The expression for the variance of the DC-BP vy, _,,_ is
equal (3.9b). Let us provide another interpretation of the variance vy, _,,,. For this
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purpose, we observe the factor graph presented in Figure 4.2.

xX,
fi !

Hay— £, (1)

Hay—,(x1L)

Figure 4.2: Factor graph which provides interpretation of the variance vy, .

Consider the set of messages fi;, s, = N (@p|22,— fs Va,— f;) arriving to the factor
node f; from any variable node neighbour x; € V;. Informally, we note that this
message carries a “belief” about itself that the variable node x; sends to the factor
node f;, representing collective evidence the rest of the factor graph provides about
the variable node ;. Let us represent this belief by an equivalent factor node attached
to each variable node. Thus for a set of variable nodes V;, we introduce a set of factor
nodes Feq = {fs, fi, - .., fr}, where for each x;, € V;, the corresponding factor node
Jo € Feq is singly-connected to z, and by N (2p|25,— 1, Vs, — s, ). Note that, from the
perspective of SE, this factor node can observed as a measurement defined by the
value 2, y,, variance vy, ,, and measurement function hp(2p) = 2p.

Let us now solve the system illustrated in Figure 4.2 using the WLS method. It is
easy to show that the corresponding Jacobian matrix! H and the measurement error
covariance matrix R have the following form:

Cyp, Cy ... Cyy
1 0o ... 0
H= 0 r ... 0 (4.5)
0 0 1
R = diag(vi, Vo, - i, oy fir - - > Vop— 11 )- (4.6)

INote that the measurement function of the factor node f; is given by (3.8), while for all other
factor nodes fi, € Feq, it is equal to hp(xp) = xp.
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A variance-covariance matrix of WLS method is defined as:

var(xzs) cov(zs,xy) ... cov(zs,zr)
cov(z;,xs) var(zy) ... cov(zy,xp)
V(x;) = (H'RTH)™" = . ) _ S
cov(zr,xzs) cov(zp, @) ... var(xp)

According to (4.7), and using (4.5) and (4.6), the variance var(xy) is:

1 1
= -
var(es) ey,

-1
1
CT(UZ‘ + Z Oﬁbvxb_)fi)‘| . (4.8)

TpEVi\Ts

Consider the second term on the right-hand side of (4.8). Recall that it represents the
inverse of the variance vy, _,,, of the message from the factor node f; to the variable
node z;, as defined by (3.9b). Therefore, we have demonstrated that by applying
WLS on the factor graph in Figure 4.2, one can obtain the expression for the variance
of the message from the factor node f; to the variable node z;.

For the SE that deals with non-linear measurement functions, it is possible to
define a linear approximation of the variance-covariance matrix at a given point x;
using the Gauss-Newton method (2.22a):

V(x;) = [J(x)TRII(x;)] 7L (4.9)

It can be shown, using (4.9), that the variance vy,_,,, is governed by (3.9b) where
the coefficients C,,, z, € V; are defined by Jacobian elements (see Appendix A and
C for details):

P

(4.10)

—xs
Xb=2Zx,— f;

0Ty |w,=2,

Note that the coefficients above are evaluated at the point x; = (x4, Xp), where the
values in x; represent the mean-values of the corresponding messages.

To summarize, the message evaluation for the AC-BP is governed by (4.3) and
(3.9b), where coefficients are obtained using (4.10).

Marginal inference: The marginal of the state variable x; is governed by (3.12).
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4.2.2 TIterative AC-BP Algorithm

Here, the indirect factor nodes Finq C F include measurements of power flows,
power injections and current magnitudes. The direct factor nodes Fq;y C F include
measurements of bus voltage magnitudes.

Algorithm 2 The AC-BP
: procedure INITIALIZATION 7 =0

—_

2: for Each f; € Fioc do

3: send u(fOLw to incident z, € V

4: end for ‘

5: for Each 2, € V do

6: send /LELZ)_}fi = N(f(:)—ms’ to incident f; € Fina
7 end for

8: for Each f; € Finq do

9: send N;?Lr = ugi)%fj to incident zs € V
10: end for

11: end procedure

12: procedure ITERATION LOOP 7 =1,2,...

13: while stopping criterion is not met do

14: for Each f; € Finq do

15: Compute “S‘ZLIS using (4.3)*, (3.9b)*
16: end for

17: for Each x4, € V do

18: Compute uiTLf using (3.3)

19: end for

20: end while

21: end procedure

22: procedure OUTPUT

23: for Each z, € V do

24: Compute &g, vy, using (3.12)

25: end for

26: end procedure

*Incomming messages are obtained in previous iteration 7 — 1

The AC-BP algorithms are presented in Algorithm 2. Note that, the initialization



4.8. Numerical Results 93

step for the DC-BP and AC-BP is different. This is due to the fact that the variance
of the message from a factor node to a variable node for the AC-BP depends not only
on the mean values of incoming messages, but also on the mean value of the message
whose variance is being calculated.

4.3 Numerical Results

In the following, we compare the accuracy of the AC-BP algorithm to that of the
centralized Gauss-Newton method using the IEEE 14-bus test case. We start with
a given IEEE test case and apply the AC power flow analysis to generate the exact
currents, voltages and powers across the network. Further, we corrupt the exact
solution by the additive white Gaussian noise of variance v; and we observe the set of
measurements.

The IEEE 14-bus test case with fixed measurement configuration containing 61
measurement devices, as shown in Fig. 4.3, is used to compare the accuracy of the
SE algorithms. For each value of noise variance v; = {vq, v2} = {107° 1074} p.u,,
using Monte Carlo approach, we generate 1000 random sets of measurement values
and feed them to the SE algorithms. Note that, in order to initialize the AC-BP

[l W Active and Reactive Power Flow
@ @ 'njection Active and Reactive Power
A Voltage Magnitude

Figure 4.3: The IEEE 14-bus test case with given measurement configuration.

and the Gauss-Newton method, we use the “flat start” assumption (V; =1, 6, =0,
i=1,...,N).
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To compare the accuracy of the AC-BP algorithm to that of the centralized Gauss-
Newton method, we use the weighted residual sum of squares (WRSS) as a metric:

k 2

WRSS = > L EIF (4.11)

i=1 Vi

Note that WRSS is the value of the objective function of the optimization problem
(2.6) we are solving, thus it is suitable metric for the SE accuracy. Finally, we
normalize the obtained WRSS by WRSSwrs of the centralized SE obtained using
the Gauss-Newton method after 12 iterations (which we adopt as a normalization
constant). This way, we compare the accuracy of BP-based algorithms to the one of
the centralized SE.
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Figure 4.4: The AC-BP normalized WRSS (i.e., WRSSY) /WRSSwrs) for the low
noise level vq(subfigure a) and the high noise level vs (subfigure b).
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Figure 4.4 shows the weighted residual sum of squares of the AC-BP WRSS](;IQ over
the iterations 7, normalized by WRSSwrs (i.e., WRSS](;F), /WRSSwris). We observe
that the AC-BP converges for both the low and the high noise level, however, for
the high noise level, the solution of the AC-BP algorithm does not correspond to the
solution of the centralized SE. This is expected, since as the noise variance increases,
the accuracy of Gaussian approximation of the BP messages is decreasing, which
affects the accuracy of the AC-BP solution.

4.4 Summary

The AC-BP represents an approximate BP solution for the non-linear SE problem.
Despite the complexity of message forms, the AC-BP interprets the BP algorithm
through conditional expectations and gives a useful insight into the relationships
between the BP algorithm and WLS method. The algorithm presents the intermediate
step between DC-BP and BP-based Gauss-Newton algorithm described in the next
chapter.






Chapter 5

Distributed Gauss-Newton Method for
State Estimation

As the main contribution of this thesis, we adopt different methodology to derive
efficient BP-based SE method. We present a novel distributed BP-based Gauss-
Newton algorithm, where the BP is applied sequentially over the non-linear model,
akin to what is done by the Gauss-Newton method. The resulting Gauss-Newton BP
(GN-BP) algorithm represents a BP counterpart of the Gauss-Newton method. The
GN-BP is the first BP-based solution for the non-linear SE model achieving exactly
the same accuracy as the centralized SE via Gauss-Newton method. We note that
results presented in this chapter are based on our publications [67,68].

5.1 Gauss-Newton Method as a Sequential MAP
Problem

Consider the Gauss-Newton method (2.22) where, at each iteration step v, the
algorithm returns a new estimate of x denoted as x(*). Note that, after a given
iteration, an estimate x(*) is a vector of known (constant) values. If the Jacobian
matrix J(x()) has a full column rank, the equation (2.22a) represents the linear WLS
solution of the minimization problem [58, Ch. 9]:

. 1/2 )y _ (v) @)1]12
gr)lcl({l)HP [r(x")) = I(x")AxM|[3, (5.1)

where P = R™!. Hence, at each iteration v, the Gauss-Newton method produces
WLS solution of the following system of linear equations:

r(x") = g(Ax")) + u, (5.2)
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where g(Ax®)) = J(x))Ax(") comprises linear functions, while u is the vector of
measurement errors. The equation (2.22a) is the weighted normal equation for the
minimization problem defined in (5.1), or alternatively (2.22a) is a WLS solution
of (5.2). Consequently, the probability density function associated with the i-th
measurement (i.e., the i-th residual component r;) at any iteration step v is:

1 [ri(x*)) — gi(Ax)))2
\/mexp 50, .

Gauss-Newton Method as a MAP Optimization Problem

The MAP solution of (2.5) can be redefined as an iterative optimization problem
where, instead of solving (2.22), we solve:

N(ri (x| Ax™) v;) =

(5.3)

k
<) — () ) = (x®) ™) .
Ax arg max £(r(x )| Ax ) arg max gN(h (x"))Ax™), vl) (5.4a)

x0T = x() 4 A%, (5.4b)

In the following, we show that the solution of the above problem (5.4) can be efficiently
obtained using the BP algorithm applied over the underlying factor graph.

The solution Ax®*) in each iteration v = {0,1,..., Vmax} of the outer iteration
loop, is obtained by applying the iterative BP algorithm within inner iteration loops.
Every inner BP iteration loop 7(v) = {0,1,..., Tmax(¥)} outputs Ax®max() =
A%™) where Tmax(¥) i the number of inner BP iterations within the outer iteration
v. Note that, in general, the BP algorithm operating within inner iteration loops
represents an instance of a loopy Gaussian BP over a linear model defined by linear
functions g(Ax(”)). Thus, if it converges, it provides a solution equal to the linear
WLS solution Ax®) of (2.22a).

5.2 The Factor Graph Construction

From the factorization of the likelihood expression (5.4a), one easily obtains the factor
graph corresponding to the GN-BP method as follows. The increments Ax of state
variables x determine the set of variable nodes V = {(A61, AV1),...,(Al0y,AVy)} and
each likelihood function A (r;(x*))|Ax®) v;) represents the local function associated
with the factor node. Since the residual equals r;(x")) = z; — h;(x*)), in general,
the set of factor nodes F = {f1,..., fx} is defined by the set of measurements M.
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The factor node f; connects to the variable node Axzs € {Afs, AV} if and only if
the increment of the state variable Az, is an argument of the corresponding function
9:(Ax), i.e., if the state variable z; € {05, V} is an argument of the measurement
function h;(x).

The GN-BP algorithm is applied sequentially over the non-linear model, where the
main algorithm routine includes BP-based inference over MAP sub-problem (5.4a).
For completeness of exposition, we provide a step-by-step presentation of the GN-BP
algorithm.

5.2.1 Derivation of BP Messages and Marginal Inference

Message from a variable node to a factor node: Consider a part of a factor
graph shown in Figure 5.1 with a group of factor nodes Fs = {fi, fw,-.-, fw} C
F that are neighbours of the variable node Az, € V. Let us assume that the
incoming messages pf, Az, (AZs), ..., Ly Az, (Axs) into the variable node Az,
are Gaussian and represented by their mean-variance pairs (77, Az, Vfy—Az, )s - - -

)

(wa—>A$s » Ufw — Az )

fw Hpw—az, (Axg)

Figure 5.1: Message p;,— s, (zs) from variable node z; to factor node f;.

Message from a Variable Node to a Factor Node

The message ftaz, ¢, (Az,) from the variable node Az to the factor node f; is
equal to the product of all incoming factor node to variable node messages arriving at
all the other incident edges (3.1). It is easy to show that the message paz,— f, (Azs)
is proportional to:

Paz,— 5 (D2s) X N(AZo|raz, 1., VAz,— )5 (5.5)
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with mean ra,, s, and variance va,,—f, obtained as:

T a A s
TAzs—fi = ( Z Uf—>$> VAz,—f; (5.6a)
fa€FN\fi JoTATs
1 1

.S (5.6b)

)
VAsiof L EFAp A

where Fs \ f; represents the set of factor nodes incident to the variable node Az,
excluding the factor node f;.

To conclude, after the variable node Az receives the messages from all of the
neighbouring factor nodes from the set Fs \ f;, it evaluates the message piaz,— 5, (Azs)
and sends it to the factor node f;.

Message from a factor node to a variable node: Consider a part of a factor
graph shown in Figure 5.2 that consists of a group of variable nodes V; = {Ax,,
Az, ..., Az} C V that are neighbours of the factor node f; € F. Let us assume
that the messages fiaz, -, (Ax1), ..., Az, — g (Azr) into factor nodes are Gaussian,
represented by their mean-variance pairs (raz,—f,, VAzi— £ )s -+ - » (TAzL—fi> VAzs— £ )-
The Gaussian function associated to the factor node f; is:

Figure 5.2: Message s, Az, (Azs) from factor node f; to variable node Az;.

50, ;o (57

i zA saA 7"'7A 2
N(m|AmS,Aml,...,AxL,vi)aexp{[r 9i(Azs, Az 21) }

where the model contains only linear functions which we represent in a general form
as:
9i(-) = Cag, Axs + Z Caz, Ay, (5.8)
Az, eVi\Azg

where V; \ Az, is the set of variable nodes incident to the factor node f;, excluding
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the variable node Az;.

Message from a Factor Node to a Variable Node

The message fif,— Az, (Azs) from the factor node f; to the variable node Az, is
defined as a product of all incoming variable node to factor node messages arriving at
other incident edges, multiplied by the function associated to the factor node f;, and
marginalized over all of the variables associated with the incoming messages (3.4). It
can be shown that the message pf, Az, (Azs) from the factor node f; to the variable
node Az, is represented by the Gaussian function:

BfisAz, (D) X N(Azg|T s, Az, VF A ), (5.9)

with mean r¢,_,A,, and variance vy, _,a,, obtained as:

1
Tfi—Az, = C—<7"i - ). Oa 'mzb—m—) (5.10a)
Az A -
pEV; \ Az,
1
Vf, Az, = C2—<UZ + Z Cizb . UAzbﬁfi> . (5.10b)
Az, A(tbGVi\Afs

The coefficients Ca,,, Ar, € V;, are Jacobian elements of the measurement function
associated with the factor node f;:

ahi(l‘s,xl, 500 ,Z‘L)

Caz, = (5.11)

Oxyp

To summarize, after the factor node f; receives the messages from all of the neigh-
bouring variable nodes from the set V; \ Az, it evaluates the message s, az, (Azy),
and sends it to the variable node Ax;.

Marginal Inference: The marginal of the variable node Az, illustrated in
Figure 5.3, is obtained as the product of all incoming messages into the variable node
Az Equation 3.10.

It can be shown that the marginal of the state variable Az, is represented by the
Gaussian function:

p(Axs) x N(Axs|AZs, vaz, ), (5.12)
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Foll Moo, (Bzs)

N

fVV My — Az (A”L‘s)

Figure 5.3: Marginal inference of the variable node Ax,.

with mean Az, which represents the estimated value of the state variable increment
Az and variance vag,:

r T
Az, = ( Z fe=A )UAIS (5.13a)

fCGFS fo*}A:ES‘
1 1
=y — (5.13b)
VAz, feF. Vf.—Ax,

where F; is the set of factor nodes incident to the variable node Ax,.

Note that due to the fact that variable node and factor node processing preserves
“Gaussianity” of the messages, each message exchanged in BP is completely represented
using only two values: the mean and the variance [69)].

5.2.2 TIterative GN-BP Algorithm

The indirect factor nodes Finq C F correspond to measurements that measure
state variables indirectly (e.g., power flows and injections). The direct factor nodes
Fair C F correspond to the measurements that measure state variables directly (e.g.,
voltage magnitudes). Besides direct and indirect factor nodes, we define two additional
types of singly-connected factor nodes. The slack factor node corresponds to the slack
or reference bus where the voltage angle has a given value, therefore, the residual
of the corresponding state variable is equal to zero, and its variance tends to zero.
Finally, the virtual factor node is a singly-connected factor node used if the variable
node is not directly measured. Residuals of virtual factor nodes approach zero, while
their variances tend to infinity.

We refer to direct factor nodes and two additional types of singly-connected factor
nodes as local factor nodes Fi,. C F. Local factor nodes repeatedly send the same
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Algorithm 3 The GN-BP
: procedure INITIALIZATION v = 0
for Each x, € X do

(0)

initialize value of zs

end for

1
2
3
4
5: end procedure
6: procedure OUTER ITERATION LOOP v =0,1,2,...; 7=0
7
8
9

while stopping criterion for the outer loop is not met do
for Each f; € Fgir do
compute ") = z, — 2"

10: end for
11: for Each f; € Fioc do
12: send ugfg)_)mjs, ™) to incident Az, €V
13: end for
14: for Each Az, € V do
15: send ugiifz) = “S‘i)—ﬂxs’ ") to incident fi € Find
16: end for &
17: for Each f; € Finq do
18: compute rf”) =z; — hi(x(”)) and CZ-(’Q:EP; Az, €V
19: end for
20: procedure INNER ITERATION LOOP 7 =1,2,...
21: while stopping criterion for the inner loop is not met do
22: for Each f; € Finq do
23: compute u'(fj)_&zs using (5.10)
24: end for
25: for Each Az, € V do
26: compute u(AT;S_)fi using (5.6)
27: end for
28: end while
29: end procedure
30: for Each Az, €V do
31 compute Az using (5.13) and 2 = 2 4 Azl
32: end for
33: end while

34: end procedure
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message to incident variable nodes. It is important to note that local factor nodes
send messages represented by a triplet: mean (of the residual), variance and the state
variable value.

The GN-BP algorithm is presented in Algorithm 3, where the set of state variables
is defined as X = {x1,...,x,}. After the initialization (lines 1-5), the outer loop
starts by computing residuals for direct and indirect factor nodes, as well as the
Jacobian elements, and passes them to the inner iteration loop (lines 8-19). The
inner iteration loop (lines 20-29) represents the main algorithm routine which includes
BP-based message inference described in the previous subsection. We use synchronous
scheduling, where all messages in a given inner iteration are updated using the output
of the previous iteration as an input [38]. The output of the inner iteration loop is the
estimate of the state variable increments. Finally, the outer loop updates the set of
state variables (lines 30-32). The outer loop iterations are repeated until the stopping
criteria is met.

Example 5.2.1 (Constructing a factor graph). In this toy example, using a simple 3-
bus model presented in Fig. 5.4(a), we demonstrate the conversion from a bus/branch
model with a given measurement configuration into the corresponding factor graph.

03 I Vi
Af3  AVy
(b)
Figure 5.4: Transformation of the bus/branch model and measurement configuration

(subfigure a) into the corresponding factor graph with different types of factor nodes
(subfigure b).

The corresponding factor graph is given in Fig. 5.4(b), where the set of state
variables is X = {(61,V1), (02,V2), (03,V3)} and the set of variable nodes is V =
{(Aby, AVY), (Aby, AVs), (AB3, AV3)}. The indirect factor nodes (orange squares) are
defined by corresponding measurements, where in our example, active power flow Mp,,
and active power injection Mp, measurements are mapped into factor nodes Fing =
{fPrss fpPs}- The set of local factor nodes Fioc consists of the set of direct factor nodes
(green squares) Faiw = {fv,, fv,} defined by bus voltage magnitude measurements
My, and My, , virtual factor nodes (blue squares) and the slack factor node (yellow
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square). A

5.2.3 Discussion

The presented GN-BP algorithm can be easily adapted to the multi-area SE model.
Therein, each area runs the GN-BP algorithm in a fully parallelized way, exchanging
messages asynchronously with neighboring areas. The algorithm may run as a
continuous process, with each new measurement being seamlessly processed by the
distributed state estimator. The BP approach is robust to ill-conditioned scenarios
caused by significant differences between measurement variances, thus alleviating
the need for observability analysis. Indeed, one can include arbitrarily large set of
additional pseudo-measurements initialized using extremely high variances without
affecting the BP solution within the observable part of the system [70].

5.2.4 Convergence of GN-BP Algorithm

In this part, we present convergence analysis of the GN-BP algorithm with synchronous
scheduling, and propose an improved GN-BP algorithm that applies synchronous
scheduling with randomized damping. We emphasize that the convergence of the
GN-BP algorithm critically depends on the convergence behavior of each of the inner
iteration loops. Thus, the convergence analysis presented in Subsection 3.2.3 and
Subsection 3.2.4 can be used to provide analysis for the GN-BP algorithm.

Similar to the DC-BP analysis, it will be useful to consider a subgraph of the
factor graph that contains the set of variable nodes V), the set of indirect factor
nodes Finga = {f1,-.., fm} C F, and the set of edges B C V X Fiuq connecting them.
The number of edges in this subgraph is b = |B|. Within the subgraph, we will
consider a factor node f; € Finq connected to its neighboring set of variable nodes
Vi = {Az,,...,Azg} C V by a set of edges B; = {b?,...,b9} C B, where d; = |V
is the degree of f;. Next, we provide results on convergence of both variances and
means of inner iteration loop messages, respectively.

Convergence of the Variances: As we show in Subsection 3.2.3, the evolution
of the variances vy is governed by:

v = [(€'mE) - (9(A) T + 2,67, (5.14)

where according to Theorem 3.2.2 variances vy from indirect factor nodes to variable
nodes always converge to a unique fixed point vs.

Convergence of the Means: Using equations (5.6a) and (5.10a), the evolution
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of means rg becomes a set of linear equations:
r() =7 — eV, (5.15)

where ¥ = C~'r, —D- (D(A)) ™ ‘Lry,, @ =D- (D(A)) - TS, A =T TT+ L
and D = C7'TIC (we remind the reader that we described the vectors, matrices and
matrix-operators involved in (5.15) in Subsection 3.2.3). According to Theorem 3.2.3,
the means rg from indirect factor nodes to variable nodes converge to a unique fixed
point Ty :

b= (1+9Q)7'F, (5.16)

for any initial point rgTZO) if and only if the spectral radius p(2) < 1.

Consequently, the convergence of the inner iteration loop of the GN-BP algorithm
depends on the spectral radius of the matrix €. If the spectral radius p(2) < 1, the
GN-BP algorithm in the inner iteration loop v will converge and the resulting vector
of mean values will be equal to the solution of the MAP estimator. Consequently, the
convergence of the GN-BP with synchronous scheduling in each outer iteration loop
v depends on the spectral radius of the matrix:

Q) = [Cx) ICE)] - [T+ L)) (PR, (547

Convergence of the GN-BP Algorithm with Synchronous Scheduling

Remark 1. The GN-BP with synchronous scheduling converges to a unique fized
point if and only if psyn < 1, where:

Begm = max{p(ﬂ(x(”)) v =0,1,..., Vmax}- (5.18)

5.2.5 Convergence of GN-BP with Randomized Damping

Next, we propose an improved GN-BP algorithm that applies synchronous scheduling
with randomized damping. Using the proposed damping in Subsection 3.2.4, equation
(5.15) is redefined as:

(r

) = + e + g, (5.19)

where 0 < a3 < 1 is the weighting coefficient, and as = 1 — ;. In the above

expression, rgr) and rSVT ) are obtained as:

r(({) =Qr - QQr{™V (5.20a)
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v = Wr - wQr{", (5.20b)

where diagonal matrices Q € F5*® and W € F3*? are defined as Q = diag(1—qi, ..., 1—
@), qi ~ Ber(p), and W = diag(qs, ..., ¢»), respectively, and where Ber(p) € {0,1} is
a Bernoulli random variable with probability p independently sampled for each mean
value message. In a more compact form (5.19) can be written as follows:

réT) =7 —Qr" Y, (5.21)

where T = (Q + aQW)'f and Q = QQ + e WQ — a; W. According to Theorem 3.2.3,
the means rq from indirect factor nodes to variable nodes converge to a unique fixed

point #4, if and only if the spectral radius p(€2) < 1, and for the resulting fixed point
T4, it holds that rq = t.

To summarize, the convergence of the GN-BP with randomized damping in every
outer iteration loop v is governed by the spectral radius of the matrix:

Qx") = Q™) + 4, WQ(x™)) — a; W. (5.22)

Convergence of the GN-BP Algorithm with Randomized Damping

Remark 2. The GN-BP with randomized damping will converge to a unique fized
point if and only if pra < 1, where:

Prd = max{p(ﬁ(x(”)) v=0,1,...,Vmax ) (5.23)

and the resulting fixed point is equal to the fixed point obtained by the GN-BP with
synchronous scheduling.

In Section 5.4, we demonstrate that the GN-BP with randomized damping dra-
matically improves the GN-BP convergence.

5.3 Bad Data Analysis

Besides the SE algorithm, one of the essential SE routines is the bad data analysis,
whose main task is to detect and identify measurement errors, and eliminate them
if possible. SE algorithms based on the Gauss-Newton method proceed with the
bad data analysis after the estimation process is finished. This is usually done by
processing the measurement residuals [3, Ch. 5], and typically, the largest normalized
residual test (LNRT) is used to identify bad data [29]. The LNRT is performed after
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the Gauss-Newton algorithm converged in the repetitive process of identifying and
eliminating bad data measurements one after another [14].

Using analogies from the LNRT, we define the bad data test based on the BP
messages from factor nodes to variable nodes. The presented model establishes local
criteria to detect and identify bad data measurements. In Section 5.4, we demonstrate
that the BP-based bad data test (BP-BDT) significantly improves the bad data
detection over the LNRT.

The Belief Propagation Bad Data Test: Consider a part of the factor graph
shown in Fig. 5.5 and focus on a single measurement M; € M that defines the factor
node f; € F. Factor nodes {fs, fi, ..., fr} carry a collective evidence of the rest
of the factor graph about the group of variable nodes V; = {Axg, Axy, ..., Az} CV
incident to f;.

Figure 5.5: The part of the factor graph with messages from factor node f; to group
of variable nodes V; = {Axg, Az, ..., Az}

Assume that the estimation process is done, and the residual of the measurement
M; is given as:
ri(xi + A)A(z) =Zz; — hi(Xi + A)A(Z), (524)

where x; = [x,, 21, ..., 2]T is the vector of state variables, while A%; = [AZ,, Ady,
..., AZ2]" is the corresponding estimate vector of state variable increments. Let us

T
define vectors ry, = [rf, Az Tfims Ay -5 Thisawy ] and Vi, = [V 5Az., Vfs— A
ooy Vfisaz, )T of mean and variance values of BP messages sent from the factor node
fi to the variable nodes in V;, respectively.

According to (5.13a), the vector of state variable increments Ax; is determined as:

A%; = [diag(vag,)] - [diag(vy,)] ™! - ry, + b, (5.25)

where Vagz, = [UAz., VAzyy - - - s vAmL}T is the vector of variable node variances obtained
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using (5.13b) and the vector b carries evidence of the rest of the graph about the
corresponding variable nodes V;.

From (5.25), one can note that the BP-based SE algorithm decomposes the contri-
bution of each factor node to state variable increments, thus providing insight in the
structure of measurement residual in (5.24), where the impact of each measurement
can be observed. More precisely, the expression [diag(vy,)] ™!+ ry, determines the
influence of the measurement M; to the residual (5.24). To recall, the mean-value
messages ry, contain “beliefs” of the factor node f; about variable nodes in V;, with
the corresponding variances vy,. Consequently, if the measurement M; represents bad
data, it will likely provide an inflated values of the normalized residual components
[diag(vy,)] ™! ry, in (5.25).

BP-based Bad Data Test Criteria

We observe the following vector corresponding to each factor node f; to detect
the bad data:

Ipp,f; = [diag(vfi)}_l ’ [diag(rfi)] “Tf. (526)

Note, the expression [diag(rs,)]- T, = [1F ap» 77 A -5 Th e, ) | favors larger
values of ry,.

Finally, the BP-BDT is given in Algorithm 4 following similar steps as the LNRT [3,
Sec. 5.7]. Namely, after the state estimation process is done, we compute rgp ¢, fi €
F, using (5.26), and observe rgp ¢, as the largest element of rgp f,. Comparing 7gp,y,
values among all factor nodes, we find the largest such value rgp ¢, corresponding to
the m-th factor node. If rgp s, > &, then the m-th measurement is suspected as bad
data, where « is the bad data identification threshold.

Algorithm 4 The BP-BDT
1: if the GN-BP algorithm is converged then
for Each f; € F do

compute rgp 5, using (5.26)
find 7gp, ¢, as the largest element of rgp f,

2

3

4

5: end for
6 find rgp f,, as the largest element among all 75,
7 if rgp 5, > 7 then

8 the measurement m-th is suspected as bad data
9: end if

10: end if
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5.4 Numerical Results

In the simulated model, we start with a given IEEE test case and apply the power flow
analysis to generate the exact solution. Further, we corrupt the exact solution by the
additive white Gaussian noise of variance v;, and we observe the set of measurements:
legacy (active and reactive injections and power flows, line current magnitudes and bus
voltage magnitudes) and phasor measurements (bus voltage and line current phasors).
The set of measurements is selected in such a way that the system is observable. More
precisely, for each scenario, we generate 300 random measurement configurations in
order to obtain average performances.

In all models, we use measurement variance equal to v; = 10719 p.u. for PMUs, and
v; = 10~* p.u. for legacy devices. To initialize the GN-BP and Gauss-Newton method,
we run algorithms using “flat start” with a small random perturbation [3, Sec. 9.3] or
“warm start” where we use the same initial point as the one applied in AC power flow.
Finally, randomized damping parameters are set to p = 0.8 and «; = 0.4 (obtained by
exhaustive search). To evaluate the performance of the GN-BP algorithm, we convert
each of the above randomly generated IEEE test cases with a given measurement
configuration into the corresponding factor graph, and we run the GN-BP algorithm.

Convergence and Accuracy: We consider IEEE 30-bus test case with 5 PMUs
and the set of legacy measurements with redundancy vy € {2,3,4,5}. We first set the
number of inner iterations to a high value of Tyax(v) = 5000 iterations for each outer
iteration v, where vy« = 11, with the goal of investigating convergence and accuracy
of GN-BP.

Fig. 5.6 shows empirical cumulative density function (CDF) F(p) of spectral radius
Psyn and prq for different redundancies for “flat start” and “warm start”. For each
scenario, the randomized damping case is superior in terms of the spectral radius.
For example, for redundancy v = 5 and “flat start”, we record convergence with
probability 0.98 for randomized damping and 0.25 for synchronous scheduling. When
operated in “warm start” via, e.g., large-scale historical data, the GN-BP can be
integrated into continuous real-time SE framework following similar steps as in [70].

In the following, we compare the accuracy of the GN-BP algorithm to that of the
Gauss-Newton method. We use the weighted residual sum of squares (WRSS) as a
metric:

k
WRSS — Z M

i=1

(5.27)

U5

Finally, we normalize the obtained WRSS%’; over outer iterations v by WRSSwLs
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Figure 5.6: The maximum spectral radii psyn, with synchronous and p.q with ran-
domized damping scheduling over outer iterations v = {0,1,2,...,12} for legacy
redundancy v € {2,3,4,5} and variance v = 10~* for IEEE 30-bus test case using
“flat start” (subfigure a) and “warm start” (subfigure b).

of the centralized SE obtained using the Gauss-Newton method after 12 iterations
(which we adopt as a normalization constant).

Scalability and Complexity: Next, we use the mean absolute difference (MAD)
between the state variables in two consecutive iterations as a metric:

1 n
MAD = =Y |Ax;]. )
n;\ @i (5.28)

The MAD value represents average component-wise shift of the state estimate over
the iterations, thus it may be used to quantify the rate of convergence.

To investigate the rate of convergence as the size of the system increases, we provide
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Figure 5.7: The GN-BP normalized WRSS (i.e., WRSSY) /WRSSy.s) for IEEE
30-bus test case using “flat start” and legacy redundancy v = 4 (subfigure a) and
~v =5 (subfigure b).

MAD values for IEEE 118-bus and 300-bus test case using the “warm start” and
legacy redundancy v = 4 with 20 and 50 PMUs, respectively. In the following, in
order to reduce the number of inner iterations, we define an alternative inner iteration
scheme. Namely, as before, we are running algorithm up to Tmax(¥), but here we
allow interruption of the inner iteration loops when accuracy-based criterion is met.
More precisely, the algorithm in the inner iteration loop is running until the following
criterion is reached:

[T As — A < ) or T() = Tuax(v), (5.20)
where ry_,a, represents the vector of mean-value messages from factor nodes to
variable nodes, €(v) = [1072, 1074, 1076, 1078, 107!] is the threshold at iteration
v. The upper limit on inner iterations is Tmax(v) = 6000 for each outer iteration v,
where vpax = 4.

Figure 5.8 compares the MAD values of the GN-BP and Gauss-Newton method
for IEEE 118-bus and 300-bus test cases within converged simulations. The GN-BP
has achieved the presented performance at T (v) = {131, 488, 855, 1357, 2587} and
Tmax (V) = {242, 1394, 5987, 6000, 6000} (i.e., median values) for IEEE 118-bus and
300-bus test case, respectively. Note that the GN-BP exhibits very similar convergence
performance to that of the centralized SE. Note also that it is difficult to directly
compare the two, due to a large difference in computational loads of a single (outer)
iteration. For example, the complexity of a single iteration remains constant but
significant (due to matrix inversion) over iterations for the centralized SE algorithm,
while it gradually increases for the GN-BP starting from an extremely low complexity
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Figure 5.8: The MAD values of the GN-BP algorithm and Gauss-Newton method
for IEEE 118-bus (subfigure a) and IEEE 300-bus (subfigure b) test case.

at initial outer iterations. Namely, the overall complexity of the centralized SE
scales as O(n?), and this can be reduced to O(n?T¢) by employing matrix inversion
techniques that exploit the sparsity of involved matrices [71,72]. The complexity of
BP depends on the sparsity of the underlying factor graph, as the computational
effort per iteration is proportional to the number of edges in the factor graph. For
each of the k measurements, the degree of the corresponding factor node is limited by
a (typically small) constant. Indeed, for any type of measurements, the corresponding
measurement function depends only on a few state variables corresponding to the
buses in the local neighbourhood of the bus/branch where the measurement is taken.
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As n and k grow large, the number of edges in the factor graph scales as O(n), thus the
computational complexity of GN-BP scales linearly per iteration. ased on discussion
in [73] for full matrices, the number of iterations is likely to scale with condition
number of the underlying matrix, which for well-conditioned matrices may scale as low
as O(1). However, we leave the more detailed analysis on the scaling of the number
of BP iterations as n grows large for our future work.

To summarize, BP approach builds upon the factor graph structure that directly
exploits the underlying system sparsity, thus achieving minimal complexity of O(n)
per iteration, while the scaling of the number of iterations needs further study. In
contrast to the optimized centralized methods whose complexity scales as O(n?), the
BP method can be flexibly distributed by arbitrarily segmenting the underlying factor
graph into disjoint areas. In the extreme case of the fully-distributed BP algorithm,
each factor graph node operates locally and independently. Thus, the SE problem is
distributed across O(n) nodes, and if implemented to run in parallel, can be O(n)
times faster than the centralized solution. In addition, for fully-distributed BP, none
of the nodes need to store the system-level matrices (whose storage-size typically
scales as O(n?)), and storing only constant-size set of local parameters is sufficient.

Bad Data Analysis: To investigate the proposed BP-BDT, we use IEEE 14-
bus and 30-bus test case, with 3 PMUs and 5 PMUs, respectively, and the set of
legacy measurements of redundancy v = 3. In each of 300 random measurement
configurations, we randomly generate a bad measurement among legacy measurements,
with variance set to vheg = 400v; or vpgg = 1600v; (i.e., 200; or 400;). For each
simulation, we record only the largest elements rgp ¢, and v, obtained using
BP-BDT and LNRT, respectively.

Fig. 5.9 compares the BP-BDT to the LNRT for IEEE 14-bus test case using
“warm start”. The BP-BDT successfully identified the bad measurement in 291 and 294
cases, while LNRT succeeded in 220 and 240 cases, for vpzg and vpag, respectively. Figs.
5.9(b), 5.9(c), 5.9(e) and 5.9(f) show observed distributions of BP-BDT and LNRT
metrics (rgp,f,, and rN,m,) when tests succeeded in identifying the bad measurement.
Clearly, the metric resolution between the cases without bad data (Figs. 5.9(a) and
5.9(d)) and the cases when the bad data exists in the measurement set, allows easier
identification of bad data with the BP-BDT, providing for easier adjustment of the
bad data identification threshold s, in contrast to the LNRT.

The BP-BDT reconfirmed the improved bad data detection for the case where two
bad measurements exist in the measurement set (both with variance vpeg or vpag) for
IEEE 30-bus test case initialized via “flat start”. The BP-BDT successfully identified
one of the two bad data samples after the first cycle (i.e., in the presence of another
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Figure 5.10: The BP-BDT performances for IEEE 30 bus test case using “flat start”
for bad data free measurement set (subfigure a), two bad data in the measurement
set with with variances vpo (subfigure b) and vp4g (subfigure c).

bad measurement) in 267 and 275 cases, while the LNRT identified the first bad data

sample in 222 and 251 cases.
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5.5 Summary

In this chapter, we presented a novel GN-BP algorithm, which is an efficient and
accurate BP-based implementation of the iterative Gauss-Newton method. The GN-
BP can be highly parallelized and flexibly distributed in the context of multi-area
SE. The GN-BP is the first BP-based solution for the non-linear SE model achieving
exactly the same accuracy as the centralized SE via Gauss-Newton method.



Chapter 6

Conclusions

In this thesis, we presented an in-depth study of the application of the BP algorithm
to the SE problem in power systems. We provided detailed derivation, convergence
and performance analysis of BP-based SE algorithms for both DC and non-linear
model. The main contribution of our study is the GN-BP algorithm, which is shown to
represent a BP-based implementation of the iterative Gauss-Newton method. GN-BP
can be highly parallelized and flexibly distributed in the context of multi-area SE.
In our ongoing work, we are investigating GN-BP in asynchronous, dynamic and
real-time SE with online bad data detection, supported by future 5G communication
infrastructure [12].

In the forthcoming years, 5G technology will provide ideal arena for the development
of future distributed smart grid services. These services will rely on massive and
reliable acquisition of timely information from the system, in combination with large-
scale computing and storage capabilities, providing highly responsive, robust and
scalable monitoring and control solution for future smart grids, and the proposed BP
algorithms have a promising properties in such a 5G communications scenario.

In addition, we presented the fast real-time DC SE model based on the powerful BP
algorithm, which is able to provide state estimates without resorting to observability
analysis. The proposed BP estimator can be distributed and parallelized which
allows for flexible and low-delay centralized or distributed implementation suitable
for integration in emerging WAMS. For the future work, we plan to provide extensive
numerical analysis of the proposed algorithm, including the AC SE model implemented
within the same framework, and extended to the generalized SE model.
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Appendix A

The SE in Power System: Toy Example

An illustrative example presented in Figure A.1 will be used to provide a step-by-step
presentation of the centralized SE algorithm. The power system consists of 3 buses
and 3 branches, where we observe two legacy measurements, active power flow Mp,,
and active power injection Mp,, while bus 2 contains one PMU that provides line
current My, and Mj,,, and bus voltage My, phasor measurements. Note, bus 1 is
the slack, where the voltage angle has a given value.

1 Mp,, My, 2

My,, [
My,
Mp,H

Figure A.1: The 3-bus power system with given measurement configuration.

We presented simultaneous SE algorithm, where state variables and phasor mea-
surements are given in polar coordinate system. Each measurement M; € M is
associated with measurement value z;, variance v; and function h;(x) as shown in
Table A.1. system.

Measurement  Measurement Value  Measurement Variance  Measurement Function

M; Z; v;
Mp,, ZP12 VP12 hpyy(4)
Mp; ZP3 UPs hpy ()
My, 2V, VVy hv, )
My, 20, Vg, ho, (+)
My, ZI21 Uiz by, ()
My, ZI23 Ulas hss ()
Mg, Zpa1 Va1 hgs, )
Mg,y Z¢a3 Va3 Bpas ()

Table A.1: Measurement data.
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Vector of Measurement Values and Covariance Matrix

The vector of measurement values z € RMet2Non and the covariance matrix R €

RMet2Npn) X (NMet2Npn) according to the measurement configuration are:

T
z = [ZP12 ZPs RVy R0y Iy Rlag Rgoy Z¢23}

R = dlag(UPn’ UPgy UVyy U6y Ulyys Ulpgs Ugors U¢23)'

Note that, due to uncorrelated measurement errors the covariance matrix R has the
diagonal structure.

Measurement Functions

The vector of measurement functions h(x) € RMe+2Non jg;

z = [h’Plfz(') hPs(') hVQ(') h92(') hlzl(') h123(‘) h¢21(') h¢23(')]T'

The measurement functions associated with legacy measurements Mp,, and Mp,
are:

hpy, (1) = Vi (g12 + gs1) — ViVa(gi2 cos 012 + bia sin6y2)
hp3 () = V32G33 + V3 [Vl (G31 cos 631 + B3y sin 931) + VQ(G32 cos 035 + Bso sin 932)] .

The measurement functions associated with the bus phasor measurement My, =
{My,, My,} are:

th(') = Va; h@g(') = 0.

The measurement functions associated with line current phasor measurements
Mg, = {My,,, My, } and Mg,, = {My,,, My,,} are as follows:

By (1) = [A21VE 4 Bo1 V2 — 2Va Vi (Cape cos a1 — Doy sin fa;)]1/2
Py (-) = [Ag3cVi2 + Bag Vid — 2VaVa(Case cos fa3 — Do sin faz)] /2

(Agla sin 82 + B21a COS 02)‘/2 — (021a sin 01 + Dgla COS 81)‘/1
(Agla COS 02 — Bgla sin 02)‘/2 — (Cgla COS 01 — D21a sin 01)‘/1

hg,, (+) = arctan
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(A23asin by + Bag, cos ) Va — (Casa sin 03 + Das, cos 3) Vs
(Agga COS 92 — Bg3a sin 92)‘/2 — (023a COS 93 — D23a sin 93)‘/3 ’

hg,s (-) = arctan

where coefficients are:

Agte = (g21 + gs2)® + (b1 + bs2)%; Baie = g31 + b3,

Cotc = g21(921 + gs2) + b21(b21 + bs2);  Daic = g21bs2 — ba1gs2
Ag1a = go1 + gs2; Ba1a = ba1 + bs2

Ca1a = go1; Da1a = b

Agze = (g23 + gs2)® + (bas + bs2)%; Base = g3 + b

Coze = 923(923 + gs2) + b23(baz + bs2);  Daze = gazbsa — b23gs2
Azza = g23 + gs2; Baza = baz + bs2

Caza = g23; Daza = bag.

Note that, it holds g21 = g12, b21 = b12.

Jacobian Matrix

The Jacobian matrix J(x) € R(Met2Non) X7 g defined:

[ 6hPlz(') 0 I ahplz(') ahpm(') 0 |
96, LoV Vs
00, 893 I oy Vs 8V3
|
ahGQ(‘) ‘
B0, 0 : 0 0 0
! Ohv, (-
0 0o ' 0 %) 0
J(x) = : oV,
ahlzl(') 0 I 8h121(‘) ahlm(') 0
90, LoV Vs
6hlza(') ah[%(') : 0 ahlza(') 8}7’123(')
892 393 | aVQ aV3
8h¢21(') : 8h¢21(') ah¢21( ) 0
96, o ov
ah¢23(') 6h¢23() I 0 ah¢23(') ah¢23()
L 00, 903 Vs Vs
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Jacobian expressions corresponding to the active power flow measurement function
hp, () are:

Ohp,, (-

P12( ) _ _Vl‘/2(912 sin 912 — b12 COS 912)

00,
Ohp,, (-

8PV1( ! = —Va(g12 cos b1z + biz sinb12) + 2Vi(g12 + gs1)
Ohp,, (-

511/22( : = —Vi(g12 cos bha + b1z sinbr2).

Jacobian expressions corresponding to the active power injection measurement
function hp,(-) are:

ohp, (-
Pd( ) = Vg‘/z(Gg,Q sin 932 - B32 COS 932)
004
Ohp, (-
a}Z( ) = Vg [‘/1(7G31 sin 931 + Bgl COS 031) + ‘/2(7G32 sin 032 + 332 COS 632)]
3
Ohp, (-
w5 () = V3(G31 cos 031 + Bsysinfsy)
ovy
ohp, (-
Ps( ) = Vg(G32 cos 032 + B3 sin 03)
oV
Ohp, (-
81;;( ) = Vl(Ggl COS 931 -+ Bgl -+ VQ(G32 COS 932 -+ ng sin 932) -+ 2‘/3G33.
3

Jacobian expressions corresponding to the bus phasor measurement functions Ay, (+)
and hg,(-) are as follows:

3hV2(') —1 ah92() o
oVy 00y

Jacobian expressions corresponding to the line current magnitude measurement

function hy,, (-) are:

Ohr, (1) VaVi(Daiccosbar + Caicsinbar)
90, hIzl(')
Ohr, (1) Va(Da2icsinby — Caiccosbar) + BaicVi

3‘/1 hIm(')
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Ohp, (1) Vi(Daiesinbay — Cayccosbar) + AaicVi
Vy h‘Izl(') .

Jacobian expressions corresponding to the line current magnitude measurement
function hy,, () are:

8}1[23() . Vng(Dggc COS 923 -+ CQgC sin 923)

005 hiys ()

Ohpy, (1) VaV3(Dase cosaz + Cose sin blas)
905 hrss ()

Ohpy, (1) Va(Dasesinblas — Casecosaz) + Aoz Va
vy Py (0)

Ohpy, (1) Va(Dasesinblas — Case cosOa3) + BascVs
oVs hirys () '

Jacobian expressions corresponding to the line current angle measurement function
h¢21 () are:

Ohg,, (+)  Az1cVE 4 (Daresinbay — Cay cos 621)VaVy

00y hry, ()
Ohg,, () Va(Coicsinbag + Doy cosbar)
v hr,, ()
Ohgy () Vi(Caicsin by + Daic cos b)
Vs b, ()

Jacobian expressions corresponding to the line current angle measurement function
h¢23 () are:

Ohg,y(+)  AascVE 4 (Dase sin fag — Cage cos Ba3)Va Vs

905 hi,s ()

Ohg,y () BascViE 4 (Dasesin oz — Coge cos a3)Va Vs
905 By ()

Ohg,y (+) __ V3(Casesinbas + Doge cos Oa3)
oVy hi,s ()

Ohgos (°) _ Va(Case sin 623 + Dase cos 623)
8V3 hIza () ’






Appendix B

The DC-BP Algorithm: Numerical
Example

An illustrative example presented in Figure B.1 will be used to provide a step-by-step
presentation of the proposed DC-BP algorithm. The power system consists of 3 buses
and 3 branches, where we observe 3 measurements: active power flow Mp,,, active
power injection Mp,, and bus voltage angle My,. Note, bus 1 is the slack, where the
voltage angle has a given value with the corresponding variance.

1 Mp, 2

Mp,H 3

Figure B.1: The 3-bus power system with given measurement configuration.

Table B.1 shows the branch reactances z;; for the observed power system.

From Bus To Bus Reactance

i J zi5 (pu)
1 2 0.040
1 3 0.020
2 3 0.025

Table B.1: Branch data.

Each measurement M; € M is associated with measurement value z; and variance
v; as shown in Table B.2. In addition, power measurements Mp,, and Mp, are
associated with measurement functions respectively:

)

Z12

hp,,(01,02) = =Co,p, 01+ Coypy, - 02
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01 02 03
hp,(01,02,03) = ——— —+ —————=Coy,p, - 01 + Co,p, - 02+ Co, p, - 03,
T13 X23 T13 + T23

where coefficients are:

Co,p, =25 Coyp, =—25 Cpp,=—-50 Cyp,p, =—40 Cy,p, =90.

Measurement  Measurement Value  Measurement Variance  Unit

M; 2z Vs
Mp,, 1.795 10—2 pu
Mp, 1.966 10—2 pu
My, -0.066 10-6 rad

Table B.2: Measurement data.

The Factor Graph

The first step is forming a factor graph, where set of variable nodes V = {61, 0,03}
is defined by state variables. The set of measurements M defines the set of factor
nodes F, and in addition, the set F is further expanded with slack and virtual factor
nodes. More precisely, measurements Mp,, and Mp, define the set of indirect factor

fo, fo, o

fPrs
L

Ipy

Figure B.2: The factor graph.

nodes Fina = {fp.,, frs} C F, and measurement Mp, define the set of direct factor
nodes Fair = {fp,} € F. Further, the slack bus defines the slack factor node fp,,
while virtual factor node fy, is used because variable node 63 is not directly measured.
Direct, slack and virtual factor nodes define the set of local factor nodes Fioc C F. The
factor graph that correspond with power system with given measurement configuration
is shown in Figure B.1.
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The DC-BP Initialization 7 =0
Messages from local factor nodes to variable nodes

The initialization step starts with messages from local factor nodes Fi,. to variable
nodes V, as shown in Figure B.2. All messages are Gaussian and represent by their
mean-variance pairs.

fo, fo, fos
iﬂm\ —o,(01) ﬂfﬁﬁea(ﬁz)l /tmﬁeg(f’s)l
me
91 . 02 93
sz

Figure B.3: Messages from local factor nodes to variable nodes.

According to properties of local factor nodes, messages from local factor nodes Fiy.
to variable nodes V are determined:

[ifo, -0, (01) := (2f5, 61, Vf5, —0,) = (0,107%)
Hfo,—02 (02) == (zfezﬁez’vf%%@g) = (—0.066, 1076)
15005 (03) i= (250, 604 Vo, —65) = (0,10%).

Note that we left the iteration index 7 = 0 as a consequence that messages from local
factor nodes Fjo to variable nodes V are constant through iterations.

Forward incoming messages

Then, variable nodes forward the incoming messages received from local factor nodes
along remaining edges as shown in Figure B.3. Consequently, messages from variable
nodes V to indirect factor nodes Fi,q are as follows:

0 0 0 _
MélLfP12 (01) = (Zél)‘}fP12,vél)‘>fP12) = (0,10 60)

(0) — (0 (0) _ —6
Hoy— ey, (02) == (Zezﬁfplzavgz_)fpm) = (—0.066,107°)

0 0 0 _
M((al)afps (01) == (Zél)ﬁfpy“(gl)afps) = (0,10 60)
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fo, fo, fos

91 . 92 93

l“‘” = e, (01) H3—5 g (‘b)l 83— fp, (ﬁ:s)l

101y, (01) o Py, (02)
«

/Py

Figure B.4: Variable nodes forward the incoming messages.

(—0.066,1079)

0 0 0
Mé2LfP3 (02) == (Zé)z)afp3 g Uézl)fps)
0 0 0
/‘L‘Ef)s)—>fp3 (03) = (Z§3)_>fp3 5 'Uég)_”cpg) = (0, 1060).
The DC-BP Iterations 7 =1,2,...
Messages from indirect factor nodes to variable nodes

The BP iteration 7 = 1 starts with computing messages from indirect factor nodes
Finda to variable nodes V, as shown in Figure B.5, using incoming messages from
variable nodes V to indirect factor nodes Fi,q obtained in the initialization step.

fo, fo, fos

[fpy,—01 (61) Tru Hfpy, 05 (02)
0, 3 6o 03

T gy =0, (01) Hfp,—0,(02) T Hfp, 05 (Hza)T

Iy

Figure B.5: Messages from indirect factor nodes to variable nodes.

Mean and variance values of messages from factor node fpi12 to variable nodes 6,

and 6 are respectively:

1
A o= (2P — Coppr - 2 gy ) = 0.0058
Pig 1 0911312 2= fPyy
1
(1) _ 2 (0) _ -5
Ufpm‘*Hl - 092 Ly (UP12 + CYGgP12 . ’U92‘>fP12) =1.7-10
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(1) _

fpia—02 T

1)

fpio—02 =

1 0
m(@n — Co, Py, 'Zélgfplz) = —0.0718

1 2 (0) -5
o (p, = G4, py, Vg gy, ) = 161077

02 P12

Mean and variance values of messages from factor node fp3 to variable nodes 6, 05

and A3 are respectively:

1

091 P3

) -

fpg—01

oD
py—01 2
s C191133

1

(ZPs - 092P3 "2

(UPS + 0022P3 :

(0)

© y_
o, — Coupy - ) = 0.0135

%05 fry

Vg o Chupy - Vi py, ) = 3:24-10%°

02— fpy

(1) _ (0) (0) _
% fpy—02 — Q(Z& — Co, py R —fp, Cosp, '293_>fp3) = —0.0491
(1) _ 2 (0) 2 (0) _ 60
fpy—02 %(UPB + C191133 : v91—>fP3 + 0931:’3 : v93—>fP3) =5.0625-10
1
(1) _ (0) (0) _
fry—0s — Cour, (zp, — Coypy 20, —fpy, Co,p, - 292—>fp3) = —0.0075
1
1 0 0 _
W = (op, + Chpy 0y, + Chop o vs ) = 1.4321-107C,
3 CHng 3 3

To summarize, corresponding messages from indirect factor nodes Finq to variable

nodes V are:

1y e, (01) =
M?P)lﬁ@ (02) == (2
1) g, (01) =
g0, (02) =

1
M‘(f}:??’—)gg (03) ==

1 1 —
() g0t ) = (0.0058,1.7-10°%)
1 1 —

(0 o g = (~0.0718,1.6-107)

1 1
ORI

ZfP3 —01 vaS —01

1) 1

(ZfP3 —02 UfP3 —02

( (1) (1) )

ZfP3 —03 vaS —03

) = (0.0135,3.24 - 105%)
) = (—0.0491, 5.0625 - 10%°)

(—0.0075,1.4321 - 107°).
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Messages from variable nodes to indirect factor nodes

Next, the algorithm proceeds with computing messages from variable nodes V to
indirect factor nodes Finq4, as shown in Figure B.6, using incoming messages from
factor nodes F to variable nodes V.

Jo, fo, o
10,11, (01) g1, Hoas gy, (02)
Yy «
0 i () 03
l“o‘ﬁf"s (01) 105 i, (%)i HO5-> fry (@s)l
fPﬁ

Figure B.6: Messages from variable nodes to indirect factor nodes.

Variance and mean values of messages from variable nodes #; and 65 to factor node
fp12 are respectively:

-1
1 1
(1) _ _ 10—60
v91—>fP12_< Tm > =10

Ufg, —61 Vfp 0
e
(1) | Zfo =61 fry—01 ) (1) —0
—=fr, T\ g + (1) 01— fp,
for =0 Ung —01

-1
1 1
(1) — _10-6
Yoo frr, (Ufe 0, RENGY) ) =10
2

UfP3_>02
Zfo. —0 25"1) 0
(1) _ 6, 02 py—0U2 (1) _
ZG2*>fP12 - <Uf92—>92 + U(lf )UOQHme = —0.066.
2 fry—02

Variance and mean values of messages from variable nodes 61, 6 and 03 to factor
node fps are respectively:

—1
1 1
(1) _ _ 10—60
1)01_>fP3 a (vf01—>91 * (1) ) -1

valg —01
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(1)
z 0 z
250 = ( fo 201 {f;ﬁ91>v§lfpg = 3.4118 - 10758
Vfo,—01 v
fpPio—01
1 1\
v = + 5 —9.4118 1077
3 Ufo,—02 vamHGQ
Zfp. —0 Zj(fl) )
— —
TR 0 LA W
3 Vg, —02 Vis ., 3
12
-1
(1) 60
= =10
CREEE (Ufe3—>93>

(1 [ Flesm0s ) ()
ZOg%fPs - (Uj'93—>63>ve3*>fp3 =0
To summarize, corresponding messages from variable nodes V to indirect factor nodes
Find are:
(1) D (1) B 60
101 fpy, (61) = (Zel*)f}’12 ’ UGl%fPlz) =(0,1077)

By (02) 1= (v, o)) = (=0.066,107°)

v92—>fP12 » V02— [y,

1 — oy 58 10—
By (01) 1= (20 o)), ) = (3411810778, 107%)

1 1 1 _
1 g (02) = (0 v, ) = (~0.0663,9.4118 - 1077)

(1) — (D (1) _ 60
'uea%fzﬁ (03) T (Z93pr3’v93HfP3) - (O’ 10 )

Finally, the first iteration is done, and the iteration loop is repeated until the
stopping criteria is met. We define accuracy-based criterion where iteration loop is
running until the following criterion is reached:

-1
27, — 2 ) < e, (B.10)
where zy_,4 represents the vector of mean-value messages from factor nodes to variable

nodes, and € = 10~** is the threshold. The algorithm converged after 7 = 3 iterations
and final value of messages from indirect factor nodes Fi,q to variable nodes V are:

1gpry -0, (01) 7= (2fp,, 015 Vfpy, —0,) = (0.0058,1.7 - 107°)
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Hfpy,—02 02) == ZfP12H92vaP12H92) = (—0.0718,1.6 - 10_5)

Zfp, =015 Vfp, —6,) = (0.0138,3.24 - 10°)

A

(62) = (

Hfp,—61 (01) = (
( ) = (pr3—>927Ufp3—>92) = (—0.0491,5.0625 . 1060)
(65) = (

Hfp,—65 03) := sz3—>9gvvfp3—>93) = (—0.0076,1.4205 - 10_6).

The DC-BP Marginal Inference

The marginal of variable nodes V can be obtained using messages from factor nodes
F to variable nodes V, as shown in Figure B.7. Note that the mean-value of marginal
is adopted as the estimated value of the state variable.

f01 f02 fﬂs
LAY Hfoy—0: (92)l oy —0s (%)l
1isry, =00 (01) g, Higr,, 0, (02)
th L () 03
T 1177, 0, (61) Ifp, 02 (62) T Ffy 03 (93)T
fpz

Figure B.7: Messages into variable nodes.

Consequently, estimated values of state variables can be obtained:

-1
1 1 1
vg, = - + =10"%
Ufglﬁel ’Ufp124)91 UfP34)01

él Zfe)lH% Zfpio—01 + Z fpy—01 vg. =0
Vo, —01 UfP12—>91 Ufp,—0:
-1
1 1 -
Vo, = + =9.4118-10
Uf92—>92 Vfp o, —02 Ufp,—02
N z 0 z 0 z 0
Oy = | “leaz02y Pleambe | Feamte ) 00663
'Uf92a02 Vfp,—02 Vfp,—02
—1
1 6
Vo, = =1.4205-10"
vfe3—>93 Vfp,—03
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G — Zfegﬁ*esjL Zfpy—0s
Vfo,—03  Ufpy,—03

>v93 = —0.0076.

To recall, the BP solution for means is equivalent to the WLS solution. Unlike means,
the variances need not converge to correct values.






Appendix C

The AC-BP Algorithm: Message
Derivation

Here we present an example of evaluation of the message from a factor node to a
variable node for the AC-BP algorithm. We consider a simple model containing buses
i and j, with the active power flow measurement M; = Mp,; at the branch (7, 7). The
mean z;, variance v; and the measurement function h;(6;, V ,0;,V;) defined as (2.24a)
is associated with the active power flow measurement M;. The corresponding factor

graph is shown in Figure C.1.

Further, all incoming messages from variable nodes to the factor node f; have Gaus-
sian form. Therefore, these messages, denoted as jug, s 7, (0:), pv, -5, (Vi), po, -, (05)
and iy, 5, (Vj), are represented by their mean-variance pair (2, f,, vo, 7, ), (2vi= )
v, g)y (20,51, Vo, p,) and (2v, .y, vv, -7, ), respectively (Figure C.1(a) - Fig-
ure C.1(d)).

o, ﬁf o, Hf 7 Hf Ho, ﬁf
nOFEE] RO WO O
WOl =0 v —Or

wr—vi(Vi) v (V) Vi (V) /tf R

[ ]
(a) (b)

/lf~>9 /19~>f /19~>f /1f~>9
nOF RO WO RO
«O— " L—Ov «O= " =0

Vi f; (V) /fvw Wi, (V) llvaf

(c) (d)

Figure C.1: Messages from from factor node f; to variable nodes: V; (subfigure a),
V; (subfigure b), 6; (subfigure ¢) and §; (subfigure d).
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According to assumption (see Chapter 4), the messages from the factor node f; to
variable nodes have Gaussian form: juf, v, (Vi), ps, v, (V}), pig,—e,(0:) and pig, 0, (0;)
with their mean-variance pair (25, 5v;, vf, 5v;), (255v;, V5 v;)s (27,550, V5,—0,) and
(z Fim0;5 Vfi—0; ). In the following, we consider calculation of each of these messages.

e The message py, v, (Figure C.1(a)): Let us first consider the mean z;,_,y,. The
equation (3.9a) for the active power flow measurement boils down to (4.3b):

O’E[Vf‘xb = be_)fi] + b]E[Vi|Xb = be—>fi] +c¢=0,

where: xp, = (0;,0;,V;) and zx, 5, = (20,5 5,5 20, 5.5 2v;— 1, ), With coefficients:

a = gij + gsi
b= —zv,,(9ijcos 20,5, + bijsinzg,, .y,)
C= —Z,

where zg,, 7, is determined as zq, .7, —26,,- Due the fact that the conditional
expected value E[V;|xy = 2x,—, ;| represents the mean zy,_,y,, we can write:

a(z7, v, +vf,ov,) + bzg oy, +c=0.

The mean zy,_,v; follows from the quadratic equation, where we selected a solution
using (4.4).

The variance vy,_,y; is determined using (3.9b) as:
2 = (v +Chv +C3 v +C2 v )
0f—-v; o2\ 0, V0 —fi 0;Y0;—fi V; VVi—fi)s
w

where coefficients are defined according to Jacobian elements of the measurement
function h;(+):

. (9h1'(Vi,Xb) . 8hi(Vi,xb)
8 = 00; Vi=z5, v, b5~ 90; Vi=zs, v,
Xo=2Zxp,—~ f; Xb=2Zxp,— f;

_ Ohi(Vi, xp) _ 0hi(Vi, xp)
v oV, Vi=zp, v, Y Vi=zf, v,

Xb=2Zxp,— f;

Xb=2Zxp,— f;

o The message py, v, (Figure C.1(b)): The mean zy, .y, is defined according to
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(4.3a) as:
aE[Vj|xy = 2zx,—f,] +b =10,

where: x; = (05, V:,0;) and zx, 7, = (20, 7:, 2vi— 11> 20, 1), With coeflicients:
a=z— 2{2/[._>f,i (9ij + gsi)
b=zv,—y (gij COS 26, f; + bij sin Zeijﬁfi)'

Due the fact that the conditional expected value E[V|x, = zx,—f,] represents the
mean 2y, ,v;, we obtain:
azf,—v; + b=0.

The variance vy, .y, is determined using (3.9b) as:

Vfimv; = CT(UZ + 0927;1)97:—>fi + C\ZGUVq‘,%fi + Cezjvgj—\fi,%
\Z

where coefficient are defined according to Jacobian elements of the measurement
function h;(+).

o The messages jif, s9, and iy, .9, (Figure C.1(c) and Figure C.1(d)): Means zy, g,
and zy, g, are defined according to (4.3c):

aR[sin® z4|xp = Zx, 1] + bE[sin x4|xp = 2x, ;] + ¢ =0,

where: x, = (V;,0;,V;) and zx, 5, = (2v, 1., 20, 1, 2V, 1) for the message piy, 0,,
xp = (0;,Vi,V)) and zx, 5, = (20,5 5,5 2V, s> 2v;— ;) for the message piy, 9, and
zs € {0;,0;}. Due the fact that the all variables and messages preserve Gaussian
distribution, the conditional expectations of sine functions are equal to E[sin® z|x, =
Zx,—f;] = sin® zy, .. and E[sinzy|x, = zx, ] = sinzy, .., which allows us to
compute the mean:

.2 .
asin® zf, ., +bsinzy,_,, +c=0.

To simplify expressions, we introduce coefficients a = A% + B?, b = —2BC and
c=—-A%+C%

A = gijcoszg,—p —bijsinze, ., T =0,

B =gijsinzg, .y, + bi; cos 20, f zs = 0;

B = gijsinzg, .y, — bijcoszp, -, 2, = 0;
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C— Z\Q/i—>f,- (9i5 + 9si) — 2i
AVi= fi2Vi—= fi

; zs € {0;,0;}
The variance vy, g, is determined using (3.9b) as:

Vfi—6; = @(Ui + C‘Q/ivvi‘}fi + ngfvoj‘)fi + C%Gv‘/}‘}fi%

where coefficients are defined, as above, by calculating Jacobian elements of the
measurement function h;(-).

The variance vy, g, is determined according to (3.9b) as:

Vfi—0; = CT(UZ + 092,;1)91:—>fi + O\%ivvi—)fqt + C‘Z/jvvjﬁfi)’
0;

where coefficient follow Jacobian elements of the measurement function hp,(-).

Using the same methodology, it is possible to define corresponding equations for
means and variances for every type of measurement functions.



Appendix D

The GN-BP Algorithm: Toy Example

An illustrative example presented in Figure D.1 will be used to provide a step-by-step
presentation of the proposed algorithm.

Figure D.1: The 3-bus power system with given measurement configuration.

Input data for SE from measurement devices are Gaussian-type functions repre-
sented by means and variances: {zv,, 20,, 205, 2Py5s 2P } a0d {Vv;, Vo, , Vg, Upyys VP, }-

The Factor Graph

The corresponding factor graph is given in Figure D.2, where the set of state variables
is X = {(61,V1), (62,V2), (03,V3)} and the set of variable nodes is V = {(Af#;, AV;),
(Aby, AV), (Af3, AV3)}. The indirect factor nodes (orange squares) are defined by
corresponding measurements, where in our example, active power flow Mp,, and
active power injection Mp, measurements are mapped into factor nodes Fing = {fpys»
fr,}. The set of local factor nodes Fio. consists of the set of direct factor nodes (green
squares) Fair = {fv,, fv,} defined by bus voltage magnitude measurements My, and
My, virtual factor nodes (blue squares) and the slack factor node (yellow square).
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(5} m V3
Afz AV

Figure D.2: The factor graph.

Local factor nodes only send, but do not receive, the messages to the incident
variable nodes.

Algorithm Initialization 7 =0

1. The non-linear SE in electric power systems assumes “flat start” or a priori given
values of state variables:

V=0 = [0; 05 03 V; Vo V3]=0),

2. The residual of the slack factor node is set to rg, = 0 with variance vy, — 0.

3. The value of virtual factor nodes are set to 1y, — 0, v, — 0 and rg, — 0, with
variances vg, — 00, vy, — 00 and vg, — 00.

Iterate - Outer Loop: »v=0,1,2,..;7=0
4. Each direct factor node from the set Fg;, computes residual:
Tg/l':) =2 — 1(V)

Tg/l';) = Rvy T Q(V)

5. Local factor nodes JFio. send messages represented by a triplet (residual, variance,
state variable) to incident variable nodes V:

N}Zi A0, T (Tel » U6y s 951/))

“5"1;)1 SAV T (T%)’ Wi Vl(u))'
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6. Variable nodes V forward the incoming messages received from local factor nodes
Floc along remaining edges, e.g.:

(v,7) () (v,7) @ . () @)
N (TAel—)fp127vA91—>fp12791 ) = (g, ve,,07")
(v.7) () (v,7) N .— (1) ()
Bae,—fpy = (TAelﬁfprAGl%fpyel ) = (rg, ,v0,,61”).

7. Indirect factor nodes compute residuals, e.g.:

r) = ap = b, 01,080,V V),

8. Indirect factor nodes compute appropriate Jacobian elements associated with state
variables, e.g.:

v O N )
01(31)27A91 - T;l - Vl( )va( )(912Sln9§2) - b12C089§2))

’ Ohp,, () , , s
01(31)2,sz = 67\/22 = —Vl( )(9120050§2) + blgstgz)).

Iterate - Inner Loop: 7=1,2,...,n(v)

9. Indirect factor nodes send messages as pairs along incident edges according to

(5.10), e.g.:

() — (p(T) ()
Hpp =20y = (TfplzaAengfpqueQ)

1

() _ (v) (v) (v,7—1)

Tfrpm —Afy T C«(T{ Py CP12,A91 : rAelﬂfTPm
P12,A02

) (v,7=1) (¥) (v,7=1)
“Cpuavi TAVisf, ~ CPuav, 'Tszafer
1
() _ () 2 ,(wr=1)
Ufyp, A0 = () 5 [UPlz +(Cpy.n0,) VAL frp
(Cplz’A92)

(v) 2 (vT—1) (v) 2 (v,T—1)
+(Cp,y.avy) TVAVIS o + (Cppsav,) ‘”sz—mpn]'

10. Variable nodes send messages as pairs along incident edges to indirect factor nodes
according to (3.3), e.g.:

(v,7) e (7 (57) (v,7)
N (TA@ngTP12 VA0 frp )
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: Toy Example

1 1 1
. = e @
RN 2 U frp, =002
()
RO 1 A NG
A92—>frp12 - vg, U}T) N A92—>fTP12.
TPSH 2

Iterate - Outer Loop: v=0,1,2,...;7 = n(v)

11. Variable nodes compute marginals according to (3.12), e.g.:

P(AG2) oc N (25| Aby, 55))

1 1 . 1 . 1
N BN o) )
Yo w Froy =802 Ufn, A6

v 0 )
Ay r Frp =00 Jrp, Q02 \
A = ( e ) @ .
Yo Frpy =802 Ufo, A6

12. Variable nodes update the state variables, e.g.:

o _ o) 1 AGY.

13. Repeat steps 4-13 until convergence.
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